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格子上のフェルミ粒子系

格子上のフェルミ粒子
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モンテカルロ法

基底状態の波動関数

ψ = e− τHψ 0 ψ 0: initial  function τ → ∞

H= K+V ハバードモデル

ψ = e− τHψ 0 = e− ΔτH( )M
≈ e− ΔτK e−ΔτV( )M

ψ 0
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波動関数は



Hubbard-Stratonovich 変換
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Hubbard-Stratonovich transformation

Wave functionWave function ψ = e−τ Hψ0 ≈ e−ΔτKe− ΔτV( )M
ψ 0

ci= const.
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2次形式に変換



負符号問題

Negative sign

Difficulty in calculationsDifficulty in calculations
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Monte Carlo simulation without Negative 
sign

基底の空間

Random walk

負符号領域

基底の生成

負符号領域
を避ける

 ϕ1,ϕ2 ,L,ϕn ,L

ϕmϕn < 0

Constrained-path Quantum Monte Carlo methodConstrained-path Quantum Monte Carlo method



Diagonalization in Monte Carlo method

Diagonalization w.r.t. Basis functionsDiagonalization w.r.t. Basis functions

EigenequationEigenequation

∂E / ∂cn = 0

Generated basis functions
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3. Genetic Algorithms

Search algorithms are methods to find optimized solution
in complex spaces, based on the mechanics of natural
selection and natural genetics.

Optimization

1. Increase the number of basis functions

2. Improve each wave functions φm

Multiply φm by  Bl

σ ({si(l)})

T. Yanagisawa, Phys. Rev. B75, 224503 (2007)



Approach to Exact wave function

Q −Qexact ∝
H − H( )2

H 2 =
H 2 − H 2

H 2 ≡ vE

The variance method:

4x4 Ne= 10 U= 4
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Examples of calculations I
4x4 Ne =10 U = 4  Correlation functions
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Examples of calculations II

4x4 Ne=10
U=10

Energy
VMC: ψλ

(2)



Excited states
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be obtained by diagonalization.

4x4 Ne = 10 U = 4
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1D Hubbard Model
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Ladder Hubbard Model
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Ladder Hubbard:  Charge gap

DMRG 

Δc = Eg (Ne + 2) + Eg (Ne − 2) − 2Eg (Ne)

Charge gap at half-filling

Comparison with DMRG
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ハバードモデルは超伝導を示すだ
 

ろうか

ハバードモデルによ高温超伝導を説明できるか



ペアー相関関数

10-4

10-3

10-2

10-1

100

1 10

U=0 10x10
U=0 20x20
U=4 10x10 t'=0
r^(-3)

P
ai

r c
or

re
la

tio
n

R

10x10 Hubbard model Ne=82 U= 4  t’= 0  QMD

Aimi et al. JPSJ (2007) U=6

Pair相関は

早く減衰する

~1/r3
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ハバードモデルにおけるペアー相関

2次元ハバードモデルの超伝導相関

10x10 格子
 

超伝導相関はあまり増大しない。
次近接トランスファーt’< 0により増大

van Hove singularityによる
状態密度のよりピーク

大きい格子上での計算が必要



Long-range order in two dimensions

Half-filling at T= 0
Antiferromagnetic long-range order Q 
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Kosterlitz-Thouless transition

2D L×L System Kosterlitz-Thouless transition

η = 0 (T= 0)
= 1/4  (T=Tc )

χ ~ ξ 2−η ξ ≈ L

Kosterlitz: J. Phys. C7, 1046 (1974)

at T= 0χ ~ L2

相関長
Susceptibility



Suceptibilities
2D LxL System

χ − +(Q) = dτ Tτ SQ
−(τ )S−Q

+ (0)
0
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Spin susceptibility

Pair susceptibility

N = L × L

Size dependence in the non-interacting system

χ − +(Q) ~ (ln L)2
for t’= 0 half-filled band

χ pair ~ ln L

Q=(π,π)



Size dependence of χ(Q)
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Pair susceptibility
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線形応答



Size dependence of χpair
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Long-range order and size dependence

χ ~ N 2

~ N

~ N 0(log N)

Long-range order

Quasi long-range order
Kosterlitz-Thouless transition
Pair susceptibility

Staggered susceptibility at half-filling

χ pair

No long-range order
No-interacting system

N = L2Susceptibility

χ − +(Q)

?



Summary

Quantum Monte Carlo methods without negative signQuantum Monte Carlo methods without negative sign

ψ = e− τH ≈ e− ΔτK e−ΔτV( )M
ψ 0

• Quantum Monte Carlo diagonalization
• Constrained-path Monte Carlo method 並列化容易

Does the 2D Hubbard model exhibit superconductivity?Does the 2D Hubbard model exhibit superconductivity?

超伝導相関が大きく増大するかどうかは微妙
バンド構造の効果

 
t’

K-T転移として可能性がある
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