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Hubbard model l
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Hubbard-Stratonovich Z= i

Wave function l y=e Ty 22" ) v, H=K+V

Hubbard-Stratonovich transformation 2RAZ I ZE HE

EXP[—GZ ;N nj = (%) Z EXP[Z azsi(nrr —Ny) —%Z(nn + nw)}

Zci*cj<(0|Q(0j>
V= ;quoj (Q)=-1 C;= const.

izjcrcj<¢i¢j>

Py = [TExp22 50,0 —0,) -5 AU T (0 +0 By

=118 (.(M)BS ,(s(M-1)) -B(s, D) w,
B ({5, (1)} = “™-e Vo (&'D



; ' (2uQ00) (2.Q00)
Q = : m n — Pmn
@ d{o0;) Z(co. ?;) 2{0n0i (Pur) ZP., RS (P 0)

ij ij

Pon ={@n0) = det(g, 1 ) det( 4,4, ‘weighting factor
Metropolis algorithm HIRFER o P |
3 sign(Po Q) |
(Q)Z - ZSign(Pmn) %Slgnpmn ~0 Negative Sign

Difficulty in calculations l



Monte Carlo simulation without Negative

Constrained-path Quantum Monte Carlo method
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g e (0.0.)<0
o AW Random walk




Diagonalization in Monte Carlo method

Diagonalization w.r.t. Basis functions l

> cic{pHo;) Generated basis functions

TS ) (0w 0000

Eigenequation I

Y culpHo) - ED e {0,0,)=0  Elcc, =0

Hu = EAU

Him =(oHon)  A={p,0.)




Optimization

1. Increase the number of basis functions

2. Improve each wave functions ¢,
Multiply ¢, by B ({s;()})
3. Genetic Algorithms

Search algorithms are methods to find optimized solution
In complex spaces, based on the mechanics of natural
selection and natural genetics.

T. Yanagisawa, Phys. Rev. B75, 224503 (2007)



Approach to Exact wave function

The variance method: HA1FEQ
((H(H))  (H?)—(hy
— Wexact € 2 =VE I*)l/ /\:H:
QT Ty A
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Examples of calculations |

4x4 Ng =10 U =4 Correlation functions

y = 0.077095 + 0.86055v

.' B%EB v = 0.0062663 + 1.0764v
—@— Dxy(0) y = 0.12426 + 0.34456v
CP-QMC —e 00
—e— S(pipi) y = -0.014468 — 0.081978v
—&— C(pi,pi) y = 0.74035 + 2.1727v
y = 0.50438 + 2.9638v
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Examples of calculations |

Energy

4x4 Ne=10
U=10

size N, U QMCD  VMC CPMC PIRG QMC Exact
4x4 10 4 -1.2237 -1.221(1) -1.2238 _1.223%
4x4 14 4 -0.9836 -0.977(1) -0.9831 -0.9840  VMC: y,@
4x4 14 w -0.732(2) -0.727(1) -0.7281 -0.7418
4% 4 14 10 -0.656(2) -0.650(1) _0.6754
4x4 14 Jm[( -0.607(2) -0.606 ~0.6282
6x2 10 2 (1; ~1.040(1) -1.05807
6x2 10 1 _Jma(u 0.846(1) _0.8767
6x6 34 4 Jcm(l -0.910(2) 20920 -0.925
6x6 36 4 -0.859(2) -0.844(2) ~0.8589 -0.8608
Correlation function QMCD VMC CPMC Exact
S(m, ) 0.730(1) 0.729(2) 0.729 0.7327
Cl(m,m) u 508(1) 0.519(2) 0.508 0.5064
Agyl(1) 0.077(1) 0.076(1) 0.07685
Agyl(2) 0.006(1) 0.006(1) 0.00624
Ay (0) 0.124(1) 0.120(2) 0.1221
Azy(1) _0.015(1) -0.015(1) -0.0141
g0, 0] 0.529(1) 0.5331
5(1,0) 0.091(1) -0.0911
e(0, 0) 0.329(1) 0.3263
e 1, 0] -0.0536( 1) -0.05394




Excited states

The energies of excited states can
be obtained by diagonalization.
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1D Hubbard Model

80 sites 66 electrons

1.2 T T T I l
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Spin correlation function S(k) Momentum distribution



Ladder Hubbard Model

60x2 sites 80 electrons

S(K)




Ladder Hubbard: Charge gap

Charge gap at half-filling

A, = E (N, +2) +E (N, —2)—2E (N,)

Comparison with DMRG




adder Hubbard: Pair Correlation

100 ! T T T T T T 3
= Ladder 16x2 n=0.875 :
101 —e—QMCD t =1.4 U=0
c —e— QMCD t =1.4 U=4
-% —e— DMRG t =1.4 U=8
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10x10 Hubbard model Ne=82 U=4 t’=0 QMD
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Aimi et al. JPSJ (2007) U=6



10x10 Hubbard model Ne=82 U=4 t’=-0.2 QMD

Pair correlation

10°
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10x10 Hubbard model Ne=82 U=4 t’=-0.2 QMD

Pair correlation
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Long-range order In two dimensions

Half-filling at T= 0 =0
Antiferromagnetic long-range order

Staggered Magnetization m >0

m:}%zj:(—l)‘(n”— nN) 1

Hole-doped case 08|
Is there any long-range order ™ %6}

In two space dimensions? 0.4} -

02} ¢ OMD




Kosterlitz-Thouless transition

2D LxL System Kosterlitz-Thouless transition

Susceptibility £ ~¢& ' m=0 (T=0) Ex L
=14 (T=T) &

Kosterlitz: J. Phys. C7, 1046 (1974)

2
Z"L atT=0



Suceptibilities

2D LxL System N=LxL Q=(r,)

p
7 (Q)= IO dzj\TT So (7)S2, (O)> Spin susceptibility
1 p
Kpair = szzk'jo d«T.b. ()b, (0)  Pair susceptibility
kk'
Size dependence in the non-interacting system

7 7(Q) ~(InL) for t'= 0 half-filled band
Zpair - In L



%(Q)

Size dependence of ¥ (Q)

Non-interacting case

Quantum Monte Carlo Diagonalization
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Pair susceptibility

11 < . +> 11 ; a,=la =-1
L= ——— a\c .c,)=———)> a \c d. x Ty
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Size dependence of y i

Xpair
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Long-range order and size dependence

Susceptibility
7 ~N’

~ N

~ N°(logN)

N =L
Long-range order  x (Q)
Staggered susceptibility at half-filling

Quasi long-range order
Kosterlitz-Thouless transition
Pair susceptibility Xpar ?

No long-range order
No-interacting system



Summary

Quantum Monte Carlo methods without negative sign l

W = oM (e—ATKe—AZV)M "

e Quantum Monte Carlo diagonalization
» Constrained-path Monte Carlo method i 51|12 5

Does the 2D Hubbard model exhibit superconductivity? l
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