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§1. Introduction

mba ∼ 1 − 2 in quenched QCD

2 − 3 in full QCD

• static approximation (mQ → 0)

• NRQCD (1/mQ expansion)

• nonrelativistic interpretation of Wilosn/SW results

(Fermilab interpretation)
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relativistic approach

cutoff effects

(mQa)n

(aΛQCD)k

(mQa)n · (aΛQCD)k

relativistic on-shell improvement in the massive case

Seff = Scont +
∑

k≥1

ak
∫

d4xC4+k,i(g, mQa)O4+k,i(x)

−→ remove (mQa)naΛQCD errors

remaining cutoff effects are O((aΛQCD)2)

a−1 ∼ 3Gev, ΛQCD ∼ 300MeV −→ (aΛQCD)2 ∼ 1%
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extend Symanzik’s improvement program

to the massive case

§2. Relativistic on-shell improvement

§3. Determination of improvement coefficients in the action

§4. Improvement of the axial current

§5. Numerical simulations

§6. Summary
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§2. Relativistic on-shell improvement

cutoff effects

(mQa)n, (aΛQCD)k, (mQa)n · (aΛQCD)k

we assume

f0(mQa) > f1(mQa)aΛQCD > f2(mQa)(aΛQCD)2 > · · ·

fi(mQa) have Taylor expansions around mQa = 0

Symanzik’s improvement program

Seff = Scont +
∑

k,i≥1

ak
∫

d4xC4+k,i(g)O4+k,i(x)
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allowed operators with axis interchange symmetry

dim.3 : O3(x) = q̄(x)q(x)

dim.4 : O4(x) = q̄(x)D/q(x)

dim.5 : O5a(x) = q̄(x)D2
µq(x) → redundant

O5b(x) = iq̄(x)σµνFµνq(x) → O(aΛQCD)

dim.6 : O6a(x) = q̄(x)γµD3
µq(x) still O((aΛQCD)2) for mQa ∼ O(1)?

O6b(x) = q̄(x)D2
µD/q(x) ∂0 ∼ O(mQ), ∂i ∼ O(ΛQCD)

...

generic form of the improved quark action

Simp
q =

∑

x
[c3O3(x) + c4O4(x) + c5aO5a(x) + c5bO5b(x)

+c6aO6a(x) + c6bO6b(x) + · · ·] ,
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contribution of O6a(x) = q̄(x)γµD3
µq(x)

a2q̄(x)γ0D3
0q(x) = −

1

a
(mQa)3q̄(x)q(x)

−(mQa)2q̄(x)γiDiq(x)

+a(mQa)q̄(x)D2
i q(x) + O((ΛQCDa)2).

a2q̄(x)γ0D3
0q(x) ∼ O((aΛQCD)2)

with eq. of motion: γ0D0 + γiDi + mQ = 0

expressed in terms of lower dimensional operators

−→ asymmetries with (mQa)n in coefficients

q̄(x)γ0D0q(x) ↔ q̄(x)γiDiq(x)

q̄(x)γ0D2
0q(x) ↔ q̄(x)γiD

2
i q(x)

axis interchange symmetry is not retained any more

7



general form of quark action for O(aΛQCD) improvement

SRHQ
q =

∑

x



m0q̄(x)q(x) + q̄(x)γ0D0q(x) + ν
∑

i

q̄(x)γiDiq(x)

−
rta

2
q̄(x)D2

0q(x) −
rsa

2

∑

i

q̄(x)D2
i q(x)

−
iga

2
cE

∑

i

q̄(x)σ0iF0iq(x) −
iga

4
cB

∑

i,j

q̄(x)σijFijq(x)



 ,

rt is redundant

ν, rs, cE , cB should be adjusted in a mQa dependent way

ν − 1, rs − rt, cB − cE represent contributions from higher dimensional

ops. without space-time rotational symmetry

cf. rt and rs are redundant in Fermilab approach
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§3. Determination of improvement coefficients

§3-1. mQa corrections at tree level

”· · · on-shell quantities(particle energies, scattering amplitudes, nor-
malized matrix elements of local composite fields between particle
states etc.) · · ·” Lüscher-Sint-Sommer-Weisz, NPB478(1996)365

ν, rs, cE , cB can be determined by on-shell quark-quark scattering

continuum scattering amplitude should be reproduced
massless case done by Wohlert to determine cSW
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the on-shell improvement condition yields

ν(0) =
sinh(m

(0)
p )

m
(0)
p

,

r
(0)
s =

cosh(m
(0)
p ) + rt sinh(m

(0)
p )

m
(0)
p

−
sinh(m

(0)
p )

m
(0)
p

2
,

c
(0)
E

= rtν
(0),

c
(0)
B

= r
(0)
s ,

points

– 4 parameters are uniquely determined

– rt is not fixed −→ consistent with redundancy

– ν → 1, rs → rt, cB → rt, cE → rt for m
(0)
p → 0
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inverting the Wilson-Dirac operator

S−1
q (p) = iγ0sin(p0) + νi

∑

i

γisin(pi) + m0

+rt(1 − cos(p0)) + rs
∑

i

(1 − cos(pi))

ν, rs are determined by demanding

Sq(p) =
1

Z
(0)
q

−iγ0p0 − i
∑

i γipi + m
(0)
p

p2
0 +

∑

i p2
i + m

(0)
p

2
+ (no pole terms) + O((pia)

2)

around the pole

speed of light (coeffs. of γ0p0 & γipi) → ν(0)

dispersion relation (E = m
(0)
p

2
+

∑

i p2
i ) → r

(0)
s
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same results as the quark-quark scattering

ν(0) =
sinh(m

(0)
p )

m
(0)
p

r
(0)
s =

cosh(m
(0)
p ) + rtsinh(m

(0)
p )

m
(0)
p

−
sinh(m

(0)
p )

m
(0)
p

2

Dirac spinor has a correct continuum form up to O((pia)
2)

necessary for correct on-shell matrix elements

next step is to determine ν, rs, cE , cB at one-loop level
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§3-2. ν(mQa, g), rs(mQa, g) at one-loop level

determined from quark propagator

p p

up to one-loop level

S−1
q (p, m) = iγ0 sin p0[1 − g2B0(p, m)] + νi

∑

i

γi sin pi[1 − g2Bi(p, m)]

+m + 2rt sin
2

(

p0

2

)

+ 2rs
∑

i

sin2
(

pi

2

)

− g2Ĉ(p, m)

with

m = m0 − g2C(p = 0, m = 0)

Ĉ(p, m) = C(p, m) − C(p = 0, m = 0)
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parameter ν = ν(0) + g2ν(1)

adjust speed of light

ν[1 − g2Bi(p
∗, m)] =

sinh(mp)

mp
[1 − g2B0(p

∗, m)]

p∗ ≡ (p0 = imp, pi = 0)

0 2 4 6 8 10
m

p

(0)
a

0.00
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Iwasakiν(1)

/ν(0)
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parameter rs = r
(0)
s + g2r

(1)
s

dispersion relation

E = m2
p + F (ν, rs)

∑

i

p2
i + O(p4

i )

→ F (ν, rs) = 1

0 2 4 6 8 10
m

p

(0)
a

0.00

0.05

0.10

0.15

0.20

plaquette
Iwasakir

s

(1)
/r

s

(0)
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§3-3. cB(mQa, g), cE(mQa, g) at one-loop level

cB , cE from on-shell quark-quark scattering at tree level

−→ extend to one-loop level

one possible strategy

Schrödinger functional with large quark mass?

unwilling to try

another strategy

consider ordinary PT with fictitious gluon mass as infrared regulator

we first test this method in massless case
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determination of cSW at tree level

p

q
p − q

µ

Vµ(p, q) = −gTA{iγµ + r

(

pµa + qµa

2

)

}

−gr
cSW

2
TA

∑

ν
σµν(pν − qν)a + O(a2)

ū(q)Vµ(p, q)u(p) = −gTAū(q){iγµ +
r

2
(1− cSW)(pµ + qµ)a}u(p)+O(a2)

−→ cSW = 1 at tree level
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one-loop diagrams

11
3 (1 − cSW

(0)) 1
16π2 ln

∣

∣

∣

∣

π2

λ2a2

∣

∣

∣

∣

+ 0.26858825(1)

consistent with previous work (Wohlert, Lüscher-Weisz)

cancellation of infrared divergences is not trivial
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determination of c
(1)
B

general form of off-shell vertex function at one-loop level

without space-time rotational symmetry

Λ
(1)
k (p, q, m) = γkF k

1 + γk{p/F k
2 + p/0F k

3} + {q/F k
4 + q/0F k

5}γk

+q/γkp/F k
6 + q/γkp/0F k

7 + q/0γkp/F k
8 + γkp/0p/F9 + q/q/0γkF k

10

+(pk + qk)
[

Hk
1 + p/Hk

2 + q/Hk
3 + q/p/Hk

4

]

+(pk − qk)
[

Gk
1 + p/Gk

2 + q/Gk
3 + q/p/Gk

4

]

+ O(a2)

with p/0 = p0γ0, q/0 = q0γ0

charge conjugation symmetry demands

F k
2 = F k

4 , F k
3 = F k

5 , F k
7 = F k

8 , F k
9 = F k

10

Hk
2 = Hk

3

Gk
1 = Gk

4 = 0, Gk
2 = −Gk

3
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Sandwiching Λ
(1)
k (p, q, m) by the on-shell quark states

ū(q)Λ
(1)
k (p, q, m)u(p)|latt

= ū(q)γku(p)
{

F k
1 + imp(F

k
2 + F k

4) − m2
pF k

6

}latt

Z
(1)
q

+(pk + qk)ū(q)u(p)
{

Hk
1 + imp(H

k
2 + Hk

3) − m2
pHk

4

}latt

c
(1)
B

+(pk − qk)ū(q)u(p)
{

Gk
1 + imp(G

k
2 + Gk

3) − m2
pGk

4

}latt
+ O(a2)

= 0 by C.C.

withn p/u(p) = impu(p), ū(q)q/ = impū(q)
{

Hk
1 + · · ·

}latt
contains both O(a) and O(1/m)
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Sandwiching Λ
(1)
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(1)
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{

Hk
1 + imp(H

k
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c
(1)
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k
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do the same calculation in the continuum

ū(q)Λ
(1)
k (p, q, m)u(p)|cont

= ū(q)γku(p)
{

F k
1 + imp(F

k
2 + F k

4) − m2
pF k

6

}cont

+(pk + qk)ū(q)u(p)
{

Hk
1 + imp(H

k
2 + Hk

3) − m2
pHk

4

}cont

subtract the physical contribution

c
(1)
B

− r
(1)
s

2
=

[

Hk
1 + imp(H

k
2 + Hk

3) − m2
pHk

4

]latt

p=p∗,q=q∗

−Z
(0)
q

[

Hk
1 + imp(H

k
2 + Hk

3) − m2
pHk

4

]cont

p=p∗,q=q∗

with p∗ ≡ (p0 = imp, pi = 0), q∗ ≡ (q0 = imp, qi = 0)
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is increased −→ hyperfine splitting will be enhanced
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infrared divergence

cB , cE should be free from infrared divergence

three divergent diagrams

infrared divergences are cancelled out after summation

if and only if ν(0), r
(0)
s , c

(0)
B

, c
(0)
E

are properly tuned

−→ another evidence for validity of our formulation

4 parameters in the action should be properly tuned
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§4. Improvement of the axial current

focus on the time component

form of improved operators

A
latt,R
0 (x) = Z latt

A0

[

q̄(x)γ0γ5Q(x) − g2c+A0
∂+
0 {q̄(x)γ5Q(x)}

−g2c−A0
∂−
0 {q̄(x)γ5Q(x)} + O(g4)

]

∂+
0 {q̄(x)γ5Q(x)} = q̄(x)γ5{∂0Q(x)} + {∂0q̄(x)}γ5Q(x)

∂−
0 {q̄(x)γ5Q(x)} = q̄(x)γ5{∂0Q(x)} − {∂0q̄(x)}γ5Q(x)

in case of mQ = mq, c−A0
= 0 from charge conjugation symmetry

determination of c±A0
is quite similar to that of cB , cE
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general form of off-shell vertex function at one-loop level

Λ
(1)
05 (p, q, mp1, mp2)

= γ0γ5F05
1 + γ0γ5p/F05

2 + q/γ0γ5F05
3 + q/γ0γ5p/F05

4

+(p0 − q0)
[

γ5G05
1 + γ5p/G05

2 + q/γ5G05
3 + q/γ5p/G05

4

]

+(p0 + q0)
[

γ5H05
1 + γ5p/H05

2 + q/γ5H05
3 + q/γ5p/H05

4

]

+ O(a2),

γ0γ5

pq
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Sandwiching Λ
(1)
k (p, q, m) by the on-shell quark states

ū(q)Λ
(1)
05 (p, q, mp1, mp2)u(p)

= ū(q)γ0γ5u(p)
{

F05
1 + imp1F05

2 + imp2F05
3 − mp1mp2F05

4

}

∆γ0γ5 in ZA0

+(p0 − q0)ū(q)u(p)
{

G05
1 + imp1G05

2 + imp2G05
3 − mp1mp2G05

4

}

c+A0
∂+
0 {q̄(x)γ5Q(x)}

+(p0 + q0)ū(q)γ5u(p)
{

H05
1 + imp1H05

2 + imp2H05
3 − mp1mp2H05

4

}

c−A0
∂−
0 {q̄(x)γ5Q(x)}

+O(a2)

with p/u(p) = imp1u(p), ū(q)q/ = imp2ū(q)
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Sandwiching Λ
(1)
k (p, q, m) by the on-shell quark states

ū(q)Λ
(1)
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4
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{F05
1 + · · ·}, {G05

1 + · · ·}, {H05
1 + · · ·} contain both O(a) and O(1/m)

subtract the continuum counter part

∆γ0γ5 = {F05
1 + · · ·}latt − {F05

1 + · · ·}cont

ic+A0
= {G05

1 + · · ·}latt − {G05
1 + · · ·}cont

ic−A0
= {H05

1 + · · ·}latt − {H05
1 + · · ·}cont

should be independent of infrared divergences
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heavy-light case

red : plaquette

blue : Iwasaki

small values for ∆γ0γ5, c±A0

0 2 4 6 8 10

m
p1

(0)
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0.02 c
A

0

+

c
A

0

−

0.040

0.045

0.050

∆γ
0
γ

5

O(a) improvement of V0, Vk, A0, Ak is done for H-H and H-L cases

see hep-lat/0401030
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§5. Numerical simulations

§5-1. test of the action in quenched QCD

check restoration of space-time symmetry

– dispersion relation of H-H and H-L mesons

ceff =

√

√

√

√

E(ps)2 − E(0)2

p2
s

– H-L PS meson decay constant from A0 and Ak

R ≡ i
〈0|AR

k |PS〉

〈0|AR
4 |PS〉

·
E

|ps|

ceff and R should be 1 in the continuum limit
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simulation parameters

quenched, 243 × 48, #conf.=300

plaquette gauge action @ β = 5.9, a(r0) ∼ 0.1fm

Iwasaki gauge action @ β = 2.6, a(r0) ∼ 0.1fm

light quarks : SW with nonperturbative cSW

heavy quarks (A) : ν, rs, cB , cE up to one-loop level

cB/E = {cPT
B/E(mQa) − cPT

B/E(0)} + cNP
SW

cover charm quark mass

heavy quarks (B) : SW with nonperturbative cSW for comparison

axial currents : mass dependently improved up to one-loop level
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Plaquette Iwasaki

clear improvement over the clover heavy quark action
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§5-2. Preliminary results of Nf = 2 QCD

simulation parameters PRD65(2002)054505

Iwasaki gauge action

4 sea quark masses with mean-field improved SW
β = 1.95 163 × 32 a(r0) ∼ 0.15fm #conf.=400

β = 2.1 243 × 48 a(r0) ∼ 0.11fm #conf.=200

light quarks : mean-field improved SW

heavy quarks : same as quenched calculation
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D
s J/Ψ

expected leading scaling violation:

O(f2(mQa)(aΛQCD)2) or O(f1(mQa)g4aΛQCD)

a bit surprising is f1,2 look linear beyond mQa = 1
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Charmonium S-state hyperfine splitting

dynamical quark effects?

−→ need more scaling study for Nf = 0 and 2
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possibility of reliable continuum extrapolation with fDs(A4) and fDs(Ak)
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§5. Summary

• general form of quark action

Simp
q =

∑

x



m0q̄(x)q(x) + q̄(x)γ0D0q(x) + ν
∑

i

q̄(x)γiDiq(x)

−
rta

2
q̄(x)D2

0q(x) −
rsa

2

∑

i

q̄(x)D2
i q(x)

−
iga

2
cE

∑

i

q̄(x)σ0iF0iq(x) −
iga

4
cB

∑

i,j

q̄(x)σijFijq(x)



 ,

rt is redundant

ν, rs, cE , cB should be adjusted
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• 4 parameters in the action are determined up to one-loop level

massless cSW using the ordinary PT with fictitious gluon mass

−→ extend to cB , cE in the massive case

• O(a) improvement of the vector and axial vector currents

up to one-loop level

• numerical study shows encouraging results

dynamical quark effects?−→ need more scaling study
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ongoing project

• renormalization and improvement of four-fermi ops.

• numerical calculation of H-H and H-L meson spectrum, decay

constants, form factors in Nf = 2 QCD

next plan

• detailed scaling study in quenched QCD

• nonperturbative determination of ν, rs, cE , cB

• numerical calculation in Nf = 3 QCD
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