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Outline

• Semileptonic D decays

• Chiral extrapolation with and without BK

• Estimation of discretization effects

• D Meson Decay Constant

• Chiral extrapolation with stagPQχPT

• Mass of the Bc Meson

• Estimation of discretization effects



Preliminaries

• 2+1 flavor calculations with improved 
staggered quarks have reproduced PDG 
values of a wide variety of masses, mass 
splittings, and decay constants.

• Results assume (and suggest!?)

•  

• effective field theories for heavy quarks

[det4 M ]1/4 .
= det1(!D + m)



• Thus encouraged, HPQCD, MILC, and 
Fermilab Lattice Collaborations are using 
these methods to calculate matrix elements 
relevant to flavor physics.

• The stakes are high:  “Are non-Standard 
phenomena visible in B decays?”



• We need physicists’ proofs that the 
methods are sound.

• For heavy quarks, using HQET/NRQCD as a 
theory of cutoff effects suffices.

• For staggered quarks, the fourth-root trick 
could benefit from a better foundation, but (I 
think) most of the simple arguments against it 
are lame.

Proofs



• As a complement to (quasi)-mathematical 
proofs, other tests are desirable.

• Experimenters suggest making predictions.

• D meson decay properties and Bc mass are 

being improved by ongoing experiments.

Tests



f+
D→π(q2) & f+

D→K(q2)



Semileptonic Decay

I. INTRODUCTION

Processes involving weak decays of B and D mesons are of great interest, because they
yield information on the more poorly known elements of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix. Semileptonic decays have traditionally been used to determine the CKM
matrix, for example, Vud (through nuclear β-decay), Vus (Kl3), Vcb (B → D(∗)lν), and
Vub (b → ulν) [1]. In the first three cases flavor symmetries (isospin, SU(3) flavor, and
heavy quark symmetry, respectively) greatly simplify one’s theoretical understanding of the
hadronic transition matrix elements. In the symmetry limit, and at zero recoil, current con-
servation ensures that the matrix elements are exactly normalized. Even when estimates of
the deviations from the symmetry limit are difficult to calculate reliably, the deviations tend
to be small. Thus, the overall theoretical uncertainty on the decay process is under con-
trol. Given good experimental measurements, this procedure then determines the associated
element of the CKM matrix.

For semileptonic decays of charmed or b-flavored mesons into light mesons there are no
flavor symmetries to constrain the hadronic matrix elements. As a result, the errors on |Vub|
are currently dominated by theoretical uncertainties and are not well known [1]. For the
same reason the best value for |Vcd|, at this time, comes from neutrino production of charm
off of valence d quarks (with the cross section from perturbative QCD), rather than from
the semileptonic D decays. In this paper we take a step towards reducing the theoretical
uncertainty by using lattice QCD to calculate the form factors for the decays B → πlν and
D → πlν. Although our results are in the quenched approximation, we introduce several
methodological improvements that carry over to full QCD. Moreover, this work is the first
to study the lattice-spacing dependence of the form factors.

There is a considerable ongoing experimental effort on this subject, which will lead to
measurements of the differential decay rates. For B → πlν,

dΓ

dp
=

G2
F |Vub|2
24π3

2mBp4|f+(E)|2
E

, (1.1)

where E = pπ · pB/mB is the energy of the pion in the rest frame of the B meson, and

p =
√

E2 − m2
π is the magnitude of the corresponding three-momentum. (pπ and pB are

four-momenta. For D → πlν, replace Vub with Vcd, mB with mD, and pB with pD.) The
non-perturbative form factor f+(E) parametrizes the hadronic matrix element of the heavy-
to-light transition,

〈π(pπ)|Vµ|B(pB)〉 = f+(E)

[
pB + pπ − m2

B − m2
π

q2
q

]µ

+ f0(E)
m2

B − m2
π

q2
qµ, (1.2)

where Vµ is the charged b → u vector current, and q = pB −pπ is the momentum transferred
to the leptons. For reasons that are made clear below, we prefer to consider the form factors
f+ and f0 as functions of E. This kinematic variable is related to the more common choice
q2 = m2

B + m2
π − 2mBE. The contribution of f0 to the decay rate is suppressed by a factor

(ml/mB)2 so we shall present the rate given in Eq. (1.1). In the decay B → πτν both form
factors are important, however, so both are tabulated below, in Sec. VI.
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One example :

Vcs from semileptonic decay D Kl!

Experiment

K

+

+

l

l
!

D

W

" D Kl! #
q2max

0

dq2 f q2 2 Vcs
2

q pD pK

Lattice

K pK Vµ D pD f q2 pD pK
m2D m2K

q2
q

µ

f0 q
2
m2D m2K

q2
qµ

}

B π



Polology

• For E < 0, there are poles and cuts, and so 
on, from real states in lν scattering.

• vector mesons for f+

• scalar mesons for f0

• Their effects spill into physical region E > 0.

• For D and B mesons, the vector is nearby.



BK Ansatz

• With this in mind Becirevic and Kaidalov 
proposed the parametrization

• Builds in the closest pole, and has 
parameters for the slop.

f+(q2) = f(0)
(1−q2/m2

D∗
)(1−αq2/m2

D∗
)

f0(q2) = f(0)
(1−q2/m2

D∗
/β)



• Advantages

• builds in pole, & also heavy-quark scaling laws

• fit to BK is most sensitive to low energy, yet 
f0 influences  f+ through f(0).

• Disadvantages

• parametrization deteriorates with E

• fit to BK is sensitive mostly to low energy, and 
f0 determines f(0).



• Analysis method

• calculate matrix elements for various (mq, p).

• use BK to interpolate to fiducial values of E, 
same for each ensemble.

• use staggered χPT for chiral extrapolation

• use BK to extrapolate to full kinematic range



D ! and D K results (hep-ph/0408306, accepted for PRL)
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• An alternative is to avoid BK altogether, and 
use χPT to extrapolate jointly in (mq, E):

• Consistent, but no-BK has larger error in  

low q2 (high E) region.

! " #
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hep-ph/0408306

• D → Klν

• D → πlν:

fD→K
+ (0) = 0.73(3)(7)

fD→π
+ (0) = 0.64(3)(6)

fD→K
+ (0) = 0.78(5) [BES, hep-ex/0406028]

fD→π
+ (0) = 0.86(9)fD→K

+ [CLEO, hep-ex/0407035]

fD→π
+ (0) = 0.87(3)(9)fD→K

+

dominant error:
heavy quark

discretization



D → Klν vs. q2

Fig. 4. The background subtracted f+(q2) (diamonds with error bars) is compared
to a pole form with mpole = 1.93 GeV/c2 (solid curve) , a modified pole form
with α = 0.28 (dashed curve) , and the unquenched, Lattice QCD, calculations
given in reference [1] (triangles with no error bars). This form factor is for the
process D0 → K−µ+ν. The α and mpole used for the plots are obtained using the
two-dimensional, parameterized fit.

Fig. 5. Summary of mpole measurements. All data are consistent with a weighted
average pole mass of mpole = 1.91 ± 0.04 GeV/c2. The upper solid line shows the
spectroscopic pole mass at mD∗

s
. The lower solid line and two dashed lines represent

the weighted average and its error. Our weighted average of all data is 5.1 σ lower
than this.

We also find that mpole for D0 → π−µ+ν is mpole = 1.91+0.30
−0.15 ± 0.07 GeV/c2.

This value is compatible with our value for the pole mass for D0 → K−µ+ν.
In the naive pole dominance model, the mpole for D0 → π−µ+ν would be at
the mass of the D∗+ and would therefore lie lower in mass than mD∗

s
expected

for D0 → K−µ+ν.

5 Acknowlegments

We wish to acknowledge the assistance of the staffs of Fermi National Ac-
celerator Laboratory, the INFN of Italy, and the physics departments of the

12

q2 (GeV2)

hep-ex/0410037

Okamoto et al.
[Fermilab/MILC]

[f
+
(q

2
)/

f +
(0

)]
D
→

K



Discretization Effects

• Dominant error, but only one sentence!

• Both QCD and LGT can be described by

• Discretization error is in mismatch of 
coefficients.

I. BASICS

We are using the heavy-quark Lagrangian as given in [1], with κt = κs (or, equivalently,

ζ = 1), rs = 1, and cB = cE = cSW. This amounts to the Sheikholeslami-Wohlert Lagrangian [2]

for Wilson fermions [3]. The current has a heavy quark of this type, rotated as in Eqs. (7.8)–(7.10)

of [1], and a naive light quark. At the tree level, the heavy-quark rotation is the same no matter

what the other quark is.

The discretization effects are estimated from a (continuum) effective field theory. This clarifies

which operators are redundant, and it decouples the estimation of uncertainties from the (future)

strategy for further improvement. This note uses the HQET theory of cutoff effects [4, 5], instead

of Symanzik’s theory of cutoff effects [6]. The advantage of HQET is that it combines operators—

such as q̄α ·Eq and q̄γ4[γ ·D, γ ·E]q—that have the same physical effect in heavy-light systems.
It is not impossible to keep track of these things in the Symanzik effective theory, but it is very

cumbersome.

A shorter comparison of the Symanzik and HQET theories of cutoff effects is in a review [7];

the method has been used to compare lattice NRQCD, Fermilab, and extrapolation methods [8].

II. THEORY

Both QCD and lattice gauge theory can be described via

LQCD
.
= LHQET =

∑
i

Ccont
i (mQ)Oi, (2.1)

LLGT
.
= LHQET(m0a) =

∑
i

Clat
i (mQ, m0a)Oi, (2.2)

where the Ci are short-distance coefficients and the Oi are operators describing the long-distance

physics. The coefficients have dimension 4 − dimOi. For LGT they depend on m0a, which is a
ratio of short distances a and 1/mQ. The operators Oi in Eqs. (2.1) and (2.2) are the same.

The error from each term is simply the difference

errori =
∣∣[Clat

i (mQ, m0a)− Ccont
i (mQ)

]Oi

∣∣ . (2.3)

The relative error in our matrix elements for leptonic and semi-leptonic decays can be estimated

by setting 〈Oi〉 ∼ ΛdimOi−4
QCD ; choices for the QCD scale ΛQCD are discussed below. The coefficient

mismatch can be written

Clat
i (mQ, m0a)− Ccont

i (mQ) = adimOi−4fi(m0a). (2.4)

This recovers the usual counting of powers of a (common parlance from Symanzik), maintaining
the full m0a dependence. For Wilson fermions limm0a→0 fi = constant. But as m0a → ∞ it is

more accurate to think of some or all of the powers of a being replaced by powers of 1/mQ. In

any case, the final expression for the discretization errors is

errori = fi(m0a)(aΛQCD)
dimOi−4. (2.5)

We have explicit calculations of the fi for the O(a) and O(a2) errors at the tree level. The next
section uses them to estimate the O(αsa) and O(a2) discretization errors.
The same kind of thing can be written out for currents, but I won’t do that in these notes.

Keep in mind that the leading current is of dimension 3, so the power appearing various places is

dim Vµ,i − 3, where Vµ,i is the ith correction in the HQET description of the vector current.

2

I. BASICS

We are using the heavy-quark Lagrangian as given in [1], with κt = κs (or, equivalently,

ζ = 1), rs = 1, and cB = cE = cSW. This amounts to the Sheikholeslami-Wohlert Lagrangian [2]

for Wilson fermions [3]. The current has a heavy quark of this type, rotated as in Eqs. (7.8)–(7.10)

of [1], and a naive light quark. At the tree level, the heavy-quark rotation is the same no matter

what the other quark is.

The discretization effects are estimated from a (continuum) effective field theory. This clarifies

which operators are redundant, and it decouples the estimation of uncertainties from the (future)

strategy for further improvement. This note uses the HQET theory of cutoff effects [4, 5], instead

of Symanzik’s theory of cutoff effects [6]. The advantage of HQET is that it combines operators—

such as q̄α ·Eq and q̄γ4[γ ·D, γ ·E]q—that have the same physical effect in heavy-light systems.
It is not impossible to keep track of these things in the Symanzik effective theory, but it is very

cumbersome.

A shorter comparison of the Symanzik and HQET theories of cutoff effects is in a review [7];

the method has been used to compare lattice NRQCD, Fermilab, and extrapolation methods [8].

II. THEORY

Both QCD and lattice gauge theory can be described via

LQCD
.
= LHQET =

∑
i

Ccont
i (mQ)Oi, (2.1)

LLGT
.
= LHQET(m0a) =

∑
i

Clat
i (mQ, m0a)Oi, (2.2)

where the Ci are short-distance coefficients and the Oi are operators describing the long-distance

physics. The coefficients have dimension 4 − dimOi. For LGT they depend on m0a, which is a
ratio of short distances a and 1/mQ. The operators Oi in Eqs. (2.1) and (2.2) are the same.

The error from each term is simply the difference

errori =
∣∣[Clat

i (mQ, m0a)− Ccont
i (mQ)

]Oi

∣∣ . (2.3)

The relative error in our matrix elements for leptonic and semi-leptonic decays can be estimated

by setting 〈Oi〉 ∼ ΛdimOi−4
QCD ; choices for the QCD scale ΛQCD are discussed below. The coefficient

mismatch can be written

Clat
i (mQ, m0a)− Ccont

i (mQ) = adimOi−4fi(m0a). (2.4)

This recovers the usual counting of powers of a (common parlance from Symanzik), maintaining
the full m0a dependence. For Wilson fermions limm0a→0 fi = constant. But as m0a → ∞ it is

more accurate to think of some or all of the powers of a being replaced by powers of 1/mQ. In

any case, the final expression for the discretization errors is

errori = fi(m0a)(aΛQCD)
dimOi−4. (2.5)

We have explicit calculations of the fi for the O(a) and O(a2) errors at the tree level. The next
section uses them to estimate the O(αsa) and O(a2) discretization errors.
The same kind of thing can be written out for currents, but I won’t do that in these notes.

Keep in mind that the leading current is of dimension 3, so the power appearing various places is

dim Vµ,i − 3, where Vµ,i is the ith correction in the HQET description of the vector current.

2



• In general,

• For Wilson(-like) quarks write

• For heavy-light use HQET to order and 
estimate
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• What would you use for ΛQCD?

• Based on estimates of the Λ that appears in 
the heavy-quark expansion, from lattice, 
sum rules, and experiment, the sensible 
range is

• ΛQCD = 500–700 MeV



TABLE I: Numerical estimates of O(αsa) and O(a2) discretization effects on the MILC coarse ensembles.
Entries in per cent.

Λ (MeV): 400 500 600 700 800 900 1000
errorB [O(αsa) Lagrangian] 1.8 2.2 2.6 3.1 3.5 3.9 4.4

error3 [O(αsa) current] 1.1 1.4 1.7 2.0 2.2 2.5 2.8

errorE [O(a2) Lagrangian] 0.4 0.6 0.9 1.2 1.5 1.9 2.4

(cE = 0) 1.1 1.6 2.4 3.2 4.2 5.3 6.6

errorX [O(a2) current] 0.9 1.3 1.9 2.6 3.4 4.3 5.4

(d1 off) 1.3 2.0 2.8 3.9 5.0 6.4 7.9

errorY [O(a2) current] 0.4 0.6 0.8 1.1 1.5 1.8 2.3

temporal total 2.8 3.6 4.7 5.9 7.2 8.7 10.5

spatial total 3.2 4.1 5.3 6.6 7.8 9.4 11.2
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[6] K. Symanzik, in Recent Developments in Gauge Theories, edited by G. ’t Hooft et al. (Plenum, New

York, 1980); inMathematical Problems in Theoretical Physics, edited by R. Schrader et al. (Springer,

New York, 1982); Nucl. Phys. B226, 187, 205 (1983).

[7] A. S. Kronfeld, in At the Frontiers of Particle Physics: Handbook of QCD, Vol. 4, edited by M.

Shifman (World Scientific, Singapore, 2002) [arXiv:hep-lat/0205021].

[8] A. S. Kronfeld, Nucl. Phys. B Proc. Suppl. 129, 46 (2004) [arXiv:hep-lat/0310063].

[9] J. Harada, S. Hashimoto, A. S. Kronfeld and T. Onogi, Phys. Rev. D 67, 014503 (2003) [arXiv:hep-

lat/0208004].

[10] A. S. Kronfeld and J. N. Simone, Phys. Lett. B 490, 228 (2000); erratum ibid. 495, 441 (2000)

[arXiv:hep-ph/0006345].

[11] S. Eidelman et al. [Particle Data Group], Phys. Lett. B 592, 1 (2004).

[12] S. Chen et al. [CLEO Collaboration], Phys. Rev. Lett. 87, 251807 (2001) [arXiv:hep-ex/0108032].
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Pending studies on finer lattices, we quoted sum in 
quadrature of both currents, at ΛQCD = 700 MeV
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fDs
 & fD

• D meson decay constants either

• determine

• check QCD (with from CKM 
unitarity).

• CLEO-c is measuring them.

• A test of light quarks and (staggered) PQχPT.

|Vcs| and |Vcd|

|Vcs| and |Vcd|



Staggered PQχPT

• In the case of decay constants, chiral logs 
are important.

• In staggered PQχPT,  Aubin & Bernard find

so singularity of PQχPT softened.

m
2
uu

lnm
2
qq

→

{
m

2
uu

lnm
2
average

m
2
uu

lnm
2
taste singlet



Chiral Extrapolation fD

• Extrapolate in sea mu 

and valence mq to get 

down to real ml.

• Single fit to all data 
constrains χPT better.

• Staggered PQχPT 
treats all a in same fit.



Fit all 60 combinations of (amu, amq).

Quality of the fit is obvious, right?



f D
/f

D
s

amu = 0.03 part of stagPQχPT fit.

With O(a2) bits turned off.



f D
/f

D
s

amu = 0.02 part of stagPQχPT fit.

With O(a2) bits turned off.



f D
/f

D
s

amu = 0.01 part of stagPQχPT fit.

With O(a2) bits turned off.



f D
/f

D
s

amu = 0.007 part of stagPQχPT fit.

With O(a2) bits turned off.



f D
/f

D
s

amu = 0.005 part of stagPQχPT fit.

With O(a2) bits turned off.

only 200
configs
so far



f D
/f

D
s

f D
/f

D
s

amu = amq part of 

stagPQχPT fit (dotted); 

with O(a2) bits turned off.



Chiral Extrapolation fDs

• Interpolate in 
valence mq to get 

down to real ms.

• Extrapolate in sea 
mu to get down 

to real ml.



Currently obtained in
a separate linear fit.



Preliminary Results

• J. Simone et al., hep-lat/0410030 (Lattice ’04)

discretization uncertainty as in form factors.

3

Figure 2. Extrapolation in the light sea quark
mass for fDs

√
mDs

. The curves show a linear
fit (soild) and the 68% confidence level statistical
error bounds (dotted).

dominant systematic uncertainty, 7%, is from the
mismatch between the lattice theory and QCD,
as discussed in Ref. [7]. Our final results will in-
clude an improved estimate of this uncertainty
incorporating results from finer and coarser lat-
tice spacings, which are now in progress.

4. RESULTS

Statistical and systematic uncertainties are
summarized in Table 1. Our estimates of heavy
quark matching effects and light quark discretiza-
tion effects are based on results from a single lat-
tice spacing. We will refine our error estimates
and update our results once decay constants from
additional lattice spacings are known. The heavy
quark matching uncertainty can be reduced by in-
cluding the higher order matchings for the action
and the currents [8,9].

Combining in quadrature the systematic uncer-
tainties shown in Table 1, we find our preliminary
results:

fDs

√
mDs

fD
√

mD
= 1.20 ± 0.06 ± 0.06 ,

fDs
= 263+5

−9 ± 24 MeV ,

fD = 225+11
−13 ± 21 MeV .

Table 1
Error budget as percentage of each quantity.

source Rd/s fDs

√
mDs

fD
√

mD

stat.+extrap. 4.7 3.3 6.2
HQ matching <1 7 7
LQ discret. 4 4 4
mc det. <1 4 4
val. ms, md 2 1 2.2
a & sea quark <1 2 2
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Soft pion theoremCheck for D ! decay:

f D !
0

q2max fD f! (“Soft pion relation”)
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Outlook
• We will combine form factors and decay 

constants to obtain combinations that can 
be compared directly to experiment, with 
no CKM input:

1

ΓD→lν

dΓD→πlν

dq2
∝

∣
∣
∣
∣

fD→π
+ (q2)

fD

∣
∣
∣
∣

2

1

ΓDs→lν

dΓD→Klν

dq2
∝

∣
∣
∣
∣

fD→K
+ (q2)

fDs

∣
∣
∣
∣

2



Bc



Bc

• Meson composed of a beautiful anti-quark 
and a charmed quark.

• Unusual beast

• contrast with Bs & Ds, ψ & ϒ: vc = 0.7.

• no annihilation to gluons
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Bc: Fully Reconstructed Decays and 
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QCD Theory & Bc

• Three main tools

• potential models

• potential NRQCD

• lattice QCD

• All treat both quarks as non-relativistic

• charmed quark is pushing it,  vc
2 = 0.5.



Energy Scales

• Several energy scales in (this) quarkonium

• 2mb, 2mc > 2 GeV

• mbvb = mcvc ≈ 1000 MeV

• ½mcvc
2 ≈ 350 MeV,    ½mbvb

2 ≈ 50 MeV

• ΛQCD ~ 500 MeV



NRQCD
LQCD

.
= LHQ

LHQ = Llight − h̄v(m1 + iv · D)hv +
h̄vD2

⊥
hv

2m2

+zB(µ)
h̄vsµνBµνhv

2m2
− zR(µ)

h̄v(D2
⊥

)2hv

8m3
2

+zD(µ)
h̄vD⊥ · Ehv

4m2
2

+ zs.o.(µ)
h̄vsµνDµ

⊥
Eνhv

4m2
2

+ · · ·

.
=

∑
i Ci(mQ, mQ/µ) Oi(µ/mQυn)

(Same Lagrangian as HQET, but different power counting.)

integrate out scale mQ

long distances: (mQvn)–1, L:

described by operators

short distances: (mQ)–1, a:

lumped into coefficients

Lattice
errors



Potential NRQCD

• Integrate out scale mQvQ

• Hamiltonian contains kinetic terms, 
potentials, and their radiative corrections

• radiative corrections from mQvQ  in pQCD

• bound-state solved a la positronium: 

assumes small shifts from scales Λ, mcvc
2



H =
p

2
c

2mc

+
p

2
b

2mb

−

(p2
c)

2

8m3
c

−

(p2
b
)2

8m3
b

+ · · · + V (r)

NRQCD operators

Coulomb gluon

V (r) = −

CF αs

r
+CF αs(1+αs+· · ·)

(
1

4m2
c

+
1

4m2

b

)
4πδ(r) + ...



Potential Models

• Truncate at leading order (in αs, v
2).

• Linear confining potential added by hand.

• Potential model αs, mQ  not connected to 

QCD Lagrangian αs, mQ.

• Provide excellent empirical understanding.



Lattice Calculation
• Ian Allison, Christine Davies, Alan Gray, ASK, 

Paul Mackenzie, & James Simone

• conference: hep-lat/0409090

• publication: hep-lat/0411027

• Prediction: αs, mb, mc taken from 

bottomonium and charmonium

• Use latNRQCD for b and Fermilab for c.



Essentials

• We calculate two mass splittings

• Everything is gold-plated, in the sense that 
the mesons are all stable, and far from 
threshold.

• Chiral extrapolations mild.

∆ψΥ = mBc
−

1

2
(m̄ψ + mΥ) quarkonium baseline

∆DsBs
= mBc

− (mDs
+ mBs

) heavy-light baseline



Isolating Lowest State

Correlator is sum of exponentials, lowest exponent is mBc

m
B

c
[+

∑
c
,b
(m

1
−

m
2
)]



Error Cancellation

• Correlated statistics

• Unphysical shift in rest mass m

• Contributions from higher-in-v2 operators, 
at least from quarkonium baseline.



Chiral Extrapolation
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Lattice Spacing 
Dependence
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Error Analysis

• Statistical error is straightforward & small.

• Uncertainty from a–1, mb, mc easy to 

propagate: latter two are ±10, ±5 MeV.

• Main problem is to estimate the 
discretization effect for the heavy quarks



Discretization Effects

• Use calculations of tree-level mismatches

• Wave hands for one-loop mismatches 

• Estimate matrix elements in potential 
models

• Check framework with other calculations

(short distance mismatch) • (matrix element)



Hyperfine iΣ•B

• The mismatch of the hyperfine interaction is

in both NRQCD and Fermilab Lagrangians.

• Estimate coefficient by comparing the 
simulation hyperfine splitting with 
experiment, where latter is known.

• Propagate to and .mBc
mΥ

αsabB(m0a) × h̄iΣ · Bh



Darwin D•E

• The mismatch of the Darwin interaction is

for NRQCD, Fermilab.

• Latter dominates; use known form of the 
coefficient and (Richardson) potential 
model estimate of matrix element.

• Matrix element is small.

{αs, 1}a2bDarwin(m0a) × h̄D · Eh



Relativistic (p2)2 & pi
4

• The mismatch of the Darwin interaction is

for NRQCD, Fermilab.

• Latter dominates; use known form of the 
coefficient and (Richardson) potential 
model estimate of matrix element.

• Matrix element is not small, but check total 
estimate with charmonium 1P-1S.

{αs, 1}a3b4(m0a) × {h̄(p2)2h, h̄
∑

i
p4

i
h}
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FIG. 2: Dependence of∆ψΥ on the lattice spacing atml = 0.2ms.

The bare masses of the heavy quarks are chosen as follows.

Since the overall mass is shifted [by δm in Eq. (1)], we com-

pute the kinetic energy of b̄b and c̄cmesons of (small) momen-
tum p, and choose the bare b and c quark masses so that it is
p2/2m, wherem is the physical Q̄Qmass. The statistical and

systematic uncertainties of the kinetic energy imply a range of

bare quark masses. We compute the effect on Bc for different

bare b and c masses and derive an error of 10 MeV (5 MeV)
in ∆ψΥ and∆DsBs from this source.

Figure 2 shows how ∆ψΥ depends on lattice spacing a for
ml = 0.2ms. The change is insignificant. Lattice spacing de-

pendence stems from all parts of the lattice QCD Lagrangian.

In our case, the heavy-quark discretization effects, especially

for the c quark, are expected to dominate. Unfortunately, the
dependence on mca [of the coefficients in Eq. (1)] does not
provide a simple Ansatz for extrapolation.

Discretization errors could be studied by varying the cou-

plings in the lattice Lagrangian. Indeed, they could be reduced

systematically with better matching, but most of the needed

short-distance matching calculations are not available. Instead

we shall estimate them using potential models and calcula-

tions of the short-distance mismatch. This approach is itself

uncertain, but it is preferable to ignoring the issue.

The results of our error estimation are in Table I. The fol-

lowing paragraphs explain how the entries are obtained.

As usual, we classify the operatorsOn in Eq. (1) according

to the power-counting scheme of NRQCD (or, for Ds and Bs

mesons, HQET). The first several operators are listed in Ta-

ble I, including all terms of order v4 in NRQCD and 1/m2
Q

in HQET. In general, the leading spin-orbit interaction should

appear, but we may omit it, because all states considered here

are S wave. To compensate the errors, the table entries should

be added to our computed masses. The shifts for the splittings

are derived directly from the shifts on the masses.

The entries are obtained as follows. Let us start with the hy-

perfine interaction h̄±iΣ · Bh±. Its contribution cancels for
spin-averaged masses m̄, by construction, but we must still
estimate its effect on mΥ and mBc . In the heavy-quark La-

grangians we are using, the hyperfine coupling is correctly

adjusted only at the tree level. Indeed we find discrepancies in

the hyperfine splittingsmD∗
s
−mDs andmJ/ψ −mηc for the

c quark and mB∗
s
− mBs for the b quark. The size of the dis-

crepancy agrees with the expectation from the one-loop mis-

match. It is then reasonable to derive an empirical estimate

of the coefficient mismatch and propagate it tomΥ andmBc .

TABLE I: Estimated shifts in masses and the splittings ∆ψΥ and

∆DsBs . Entries in MeV. Dashes (—) imply the entry is negligible.

operator mBc
1
2m̄ψ

1
2mΥ ∆ψΥ m̄Ds m̄Bs ∆DsBs

a = 1
8 fm

Σ · B −14 0 +3 −17 0 0 −14

Darwin −3 −3 ∓1 ±1 −4 — +1

(D2)2 +34 +10 ±3 +24 — — +34

D4
i +16 +5 ±2 +11 — — +16

total +18 +37

a = 1
11 fm

Σ · B −12 0 +3 −15 0 0 −12

Darwin −2 −2 ∓1 ±1 −2 — —

(D2)2 +17 +5 ±3 +12 — — +17

D4
i +7 +2 ±2 +5 — — +7

total +2 +12

The entries are then obtained by combining this mismatch of

the coefficient with the computed hyperfine splittings.

For mBc ,
1
2m̄ψ and 1

2mΥ, the matrix elements 〈On〉 for
the Darwin term h̄±D · Eh± and the relativistic corrections
h̄±

(
D2

)2
h± and

∑3
i=1 h̄±D4

i h± are obtained from poten-

tial models. For m̄Ds and m̄Bs we use HQET dimensional

analysis, Λ̄3/8m2
Q with Λ̄ = 700 MeV, to estimate the Dar-

win term. In HQET power-counting the other two are of order

Λ̄4/8m3
Q and are neglected.

Next we multiply these estimates with the mismatch coef-

ficients fn(mQa). We have explicit tree-level calculations of
them for the Fermilab Lagrangian used for the c quark. For
the b quark the mismatch starts at order αs, so we take fn to

be of order αs with unknown sign. The resulting shifts from

the c quark are larger, also because the c quark is less non-
relativistic, but their sign is definite.

The entries in Table I for (D2)2 andD4
i are uncertain. The

cancellations across each row are reliable, but the overall mag-

nitude could be larger. The same potential model suggests a

shift in ourmhc −m̄ψ , of about−10MeV, consistent with the
computed discrepancy [1, 6]. Thus, although these shifts may

be too small, the charmonium spectrum suggests that they are

reasonable. The relativistic corrections decrease substantially

when a is reduced, so it is clear how to improve on our result
in the future.

Table I suggests that our results for mBc will be too low,

and thatmBc will be lower with the heavy-light baseline than

with the quarkonium baseline. If our main aim was to guide

the search for Bc, we would consider applying the shifts in

Table I to our lattice QCD results. Our aim, however, is to test

lattice QCD. Therefore, we treat these shifts not as corrections

but as uncertainties. Since we claim to know the sign in the

important cases, the associated error bars are asymmetric.

After extrapolating the light quark mass and accumulating

the other systematic uncertainties we find (at a = 1
8 fm)

∆ψΥ = 39.8± 3.8± 11.2+18
− 0 MeV, (4)



• Splittings:

• Meson mass:

• More checks on quarkonium baseline, so it 
is our main result.

Results

∆ψΥ = 39.8 ± 3.8 ± 11.2
+18
− 0 MeV,

∆DsBs
= −

[
1238 ± 30 ± 11

+ 0
−37

]
MeV,

mBc
= 6304 ± 4 ± 11

+18
− 0 MeV,

mBc
= 6243 ± 30 ± 11

+37
− 0 MeV,



Compare with Models
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Compare with CDF

mBc
= 6287 ± 5 MeV

CDF, W&C seminar, 12/03/04
mBc

= 6304 ± 12
+18
−0 MeV

[hep-lat/0411027]
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Summary

• Results for leptonic and semi-leptonic D 
decays and the mass of the  meson.

• Estimates of uncertainties.

• Agreement with BES, CLEO, FOCUS, and 
CDF with similar time-scale and error, 
including predictions.

pre- pref.
1. a.  Earlier; before; prior to: prehistoric.

b.  Preparatory; preliminary: premedical.
c.  In advance: prepay.

2.  Anterior; in front of: preaxial.

[Middle English, from Old French, from Latin prae-, from prae, before, in 
front.  See per1 in Indo-European Roots.]


