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Extrapolations required

Lattice simulations don’t solve real QCD:
Recall < O >= f(go, m, i, L, N¢, Nqony)
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Lattice simulations don’t solve real QCD:
Recall < O >= f(go, m, i, L, Ny, Ngony)

Lattice parameters

a~0.1fm

m, ~ 50 MeV
L~ 2fm

Ny =0, 2o0r2+1

Ny = O(100)
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Lattice simulations don’t solve real QCD:
Recall < O >= f(go, m, i, L, Ny, Ngony)

Lattice parameters Nature’s parameters

a~0.1fm— 0
m, ~ 50 MeV — few MeV
L~2fm— oo
Ny=0,20r2+1 — “2+1+1+1+1"

Ny = O(100) — oo
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- Extrapolations considered here
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Lattice parameters

a~0.1fm

m, ~ 50 MeV
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Extrapolations considered here

-
4

Lattice parameters Nature’'s parameters

a~01fm— O

m, ~ 50 MeV — few MeV
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m Traditional chiral extrapolations

® Introduction to the Adelaide approach to chiral
extrapolations

m Results for the p meson

m Results for the nucleon

m Adelaide method bonza or not?
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P \PT Approach

use yYPT to get, e.g.
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use yPT to get, e.g.
where c5qq are determined from xPT arguments

m |.e. they are fixed

here ¢y = —5.5GeV 3
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! Truncated yYPT Fit

M, = cy + coMpg — 5.5GeV_2M1§S
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M, = ¢y + coM3s — 5.5GeV " M3,

2 I | I | I I | I |

1.2 —
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Adelaide Formula: M,

A
4

M (3, 850, v)

= ag+ aaMpg(B3,5:v,0) + asMpg(B, s;0,v) + . ..

+ X0 (Mpg(B,858,0)) + X0 (Mpg(8, 555,v))

+ ZDHP(MJQDS(ﬁaSQSav)vM]%S(ﬁaS?”av)vM]%S(ﬁ73§575))
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y
® Adelaide Formula: M,

M (3, 850, v)

= ag+ aaMpg(B3,5:v,0) + asMpg(B, s;0,v) + . ..

+ X0 (Mpg(B,858,0)) + X0 (Mpg(8, 555,v))

+ ZDHP(MJQDS(ﬁ75§va)aM]%S(ﬁaS;Uav)vM]%S(ﬁ73§S>5))

WIth $ = Kgen, U = Kvyal
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M (3, 850, v)

= ag+ aaMpg(B3,5:v,0) + asMpg(B, s;0,v) + . ..

+ X0 (Mpg(B,858,0)) + X0 (Mpg(8, 555,v))

+ Ypup(Mpg(B,8;8,0), Mpg(83,5;0,v), Mpg(B, 555, 5))

WIth S = Kgen, U = Kyal

2 0o 1.4,,2
e.g. P = _gmup/ kru? (k) dk
127'('2 0 w?_‘_(k)
with  w2(k) = k*+ M24(8,s;s,0)
A4
and u(k) =

(AQ + k2)2
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My (3, 850, v)

= ag+ aaMpg(B3,5:v,0) + asMpg(B, s;0,v) + . ..

+ X0 (Mps(B,s;8,v)) + X0 (Mpg(, 575,v))

+ Ypup(Mps(8,s;8,0), Mpg(B, s:v,v), Mpg(B, 55, 5))

WIth S = Kgen, U = Kyal

e.g. $o _ Gopmlo / > Ktz (k) dk
™ 1272 J, W2 (k)
with  w2(k) = k*+ M24(8,s;s,0)
A4
and u(k) = (A2 + k2)?

Note it introduces a A parameter
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The self energy equations are discretised using:

4w/ook2dk—/d3k~1 ZAY 3
0 B v \a .

CU)kyykZ

With £, being constrained by the finite periodic volume of
the lattice.

Tsukuba Dec 2004 — p.9/3



=T p |

_ O O0X |

i =G -
<P

-0.03 DA |

P
O x—x 2107

-0.04 — =

0093

Tsukuba Dec 2004 — p.10/3



-0.04 —

0033 | 0.3 | 0.4 e 9
non-deg
(M )

0.5 5
BS [GeV ]

B representative ensemble: (3, keea) = (2.10,0.1382).
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Data used from CP-PACS Collaboration:
A.A. Khan et al., Phys.Rev. D65 (2002) 054505

m mean-field improved Wilson fermions with improved
gluons

W 4 x 4 different (3, ksen) COMbinations

m we generated 1000 bootstrap ensembles for hadron
masses with FWHM = quoted error

m fully uncorrelated ensembles
— no cancellation of systematic errors in our analysis
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I&; Ksea  Volume  ay[fm]  MEE*E /MY
1.8000 0.1409 123 x 24 0.25314+6  0.8067+9
1.8000 0.1430 123 x 24 0.24744+7 0.7526+15
1.8000 0.1445 123 x 24 0.2381+6 0.694+42
1.8000 0.1464 123 x 24 0.2188+8  0.547+4
1.9500 0.1375 163 x 32 0.191945 0.8045+11
1.9500 0.1390 163 x 32 0.1811+5  0.75242
1.9500 0.1400 163 x 32 0.1731+4  0.690+2
1.9500 0.1410 163 x 32 0.1601+5  0.582+3
2.1000 0.1357 243 x 48 0.1350+5  0.806+2
2.1000 0.1367 243 x 48 0.12554+4  0.755+42
2.1000 0.1374 243 x 48 0.1221+5  0.691+3
2.1000 0.1382 243 x 48 0.1130+3  0.576+4
2.2000 0.1351 243 x 48 0.1080+8  0.799+3
2.2000 0.1358 243 x 48 0.1036+6  0.753+4
2.2000 0.1363 243 x 48 0.0988+8  0.705+6
2.2000 0.1368 243 x 48 0.09284+7  0.632+8
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B =1.80
B=1.95 ® s
i B=2.10 i
B =220
ns D #x ¢

> X

IvA QO

A
=
#
*

a, [fm]

m M is the “unitary” pseudo-scalar mass

m o determined at the (Mg, Mg-) point (c.f.J)
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® Fitting Philosophy

We convert all masses into physical units prior to
extrapolation
Our method has the following two advantages:
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We convert all masses into physical units prior to
extrapolation
Our method has the following two advantages:

m Different ensemble’s data can be combined together in
a global fit.

®m Dimensionful mass predictions from lattice simulations
are mass ratios, so some systematic and statistical
errors will cancel
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We convert all masses into physical units prior to
extrapolation

Our method has the following two advantages:

m Different ensemble’s data can be combined together in
a global fit.

®m Dimensionful mass predictions from lattice simulations

are mass ratios, so some systematic and statistical
errors will cancel

MAmSul = M# x ag' = M# /M x MG™
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In our chiral extrapolations we use the Adelaide ansatz, as
well as a naive polynomial fit:

MV(ﬂa /isea;/ivalylival) = ag T a2M]235(673;/Uav)
+ a4M£S(678;U7U)
+ G6M1§>5(5735%U)
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In our chiral extrapolations we use the Adelaide ansatz, as
well as a naive polynomial fit:

MV(ﬂa /isea;/ivalylival) = ag T a2M]2DS(673;/Uav)
+ @4M£S(678;U,U)
+ G6M1§>5(5733U7U)

| fit to each individual ensemble’s data as a warmup

Tsukuba Dec 2004 — p.15/3



In our chiral extrapolations we use the Adelaide ansatz, as
well as a naive polynomial fit:

MV(ﬂa /isea;/ivab/fval) = ag T a2M]2DS(673;/Uav)
+ a4M£S(673;U7U)
+ a6M1§>5(5735U7U)

| fit to each individual ensemble’s data as a warmup

m then fit to all ensembles globally
— 4 x 4 ensembles x 5 kyy €ach = 80 points
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“Individual Fits: g, A9

-

| | ' | |
0.6 —
0.56 - —
—
'> 0.52 - —
3 :
— 048 ) —
Sl inma
I ]
£ U i 1 -
0.44 - x B=1.80 } { AL ]
| A B=195 - ! T
0 B=210 |
04— O B=220 - il .
| . | | . |
036 0.7 0.75 0.8 0.85

Tsukuba Dec 2004 — p.16/3’



x B=180 —
A B=195
0 B=210
O B=220 -
| | ! | |
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a, [GeV]

m Adelaide fit

| Scatter plot of a; against qg
1(Scale set from rg.)
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| —" I(linear) Continuum extrap-
3" | olation
& | for Adelaide and Naive fits
'¥1 mq continuum extrapo-
S e lation (significant)
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® Individual ensembile fits suggestive of O(a")
systematics in aq only

= motivates the fitting form (to 80 = 5 x 4 x 4 data
points)

Adelaide:
\/Mv(U,U)Q — ETOT = ( cont_|_X1a_|_X2a )
+ asMpg(v, v) + asMpg(v, v)4 + agMpg(v, v)6

Naive Polynomial:
My (v,v) = (af™ + X1a + Xpa?)
+ asMpg(v,v)* + asMpg(v,v)* + agMpg(v,v)°
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Global analysis

-
4

V My (v,0)2 = Sror, My (v,0) = (a5 + X1a + X2a?)
+ asMpg(v,0)* + asMpg(v,v)* + agMpg(v,v)°
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4

V My (v,0)2 = Sror, My (v,0) = (a5 + X1a + X2a?)
+ asMpg(v,v)* + asMpg(v,v)* + agMpg(v,v)°
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Approach | Chiral Extrapolation | Treatment of Lattice Lattice Spacing
Spacing Artefacts in aq | set from

Adelaide | Cubic ao term has To
i.e. O(MPs) included | O(a + a®) corrections

Naive Quadratic ao term has o

i.e. no O(M3pg) term |only O(a?) corrections
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Recall Adelaide approach introduces A parameter

I ' I I I I
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Recall Adelaide approach introduces A parameter
' I ' I ' I
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. 2.
Scale set from r ] Cubic, o) ,
Quadratic, O(a+ a’)

£ Quadratic, O

—+---— cubic, O(a+ a2)
XX Cubic, O(&)
ale set from ¥ Quadratic, O(a+ &)

0.6

A-A Quadratic, &)

0.5 ]

600 650 700

Tsukuba Dec 2004 — p.22/3



Recall Adelaide approach introduces A parameter

n GO—O cubic, 0@+ &)
. 2.
Scale set from r [4—E1 cubic, O@@)

Quadratic, O(a+ a2)
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Fit Scale agont X1 X as a4 ag X2/d.o.f.
Approach  from [GeV] [GeV/fm] [GeV/im?] [L/GeV] [1/GeV3] [1/GeV®]
Cubic chiral extrapolation ag contains O (a + a?)
Adelaide ro 0.844+16 -0.114+13 -1.1+44 0.47+4 -0.024+10 -0.02+4 38/74
Adelaide o 0.836+11 -0.37+9 -0.2+3 0.44+4 0.044+9 -0.06+4 53/74
Naive ro 0.8194+17 -0.154+13 -1.1+44 0.56+5 -0.164+10 0.05+4 77174
Naive o 0.8054+12 -0.3849 -0.3+3 0.57+4 -0.18410 0.0645 73174
Cubic chiral extrapolation ap contains O(az) only
Adelaide  rg 0.835+9 - -1.40+4  0.48+4  -0.03+10 -0.02+4 39/75
Adelaide o 0.807+8 - -1.2443 0.43+4 0.06+9 -0.06+4 67 /75
Naive ro 0.806%+10 - -1.4944 0.56+5 -0.174+10 0.06+4 78175
Naive o 0.775+8 - -1.314+4 0.56+4 -0.16+10 0.05+5 87175
Quadratic chiral extrapolation ag contains O(a + a?)
Adelaide rg 0.840+12 -0.114+13 -1.14+4 0.493+11 -0.061+9 - 38/75
Adelaide o 0.829+9 -0.3749 -0.24+3 0.490+£11 -0.052+11 - 54175
Naive ro 0828413 -0.164+13 -1.14+4 0.505+11 -0.068410 - 78175
Naive o 0.812+9 -0.37+9 -0.3+3 0.523+12 -0.075+11 - 74175
Quadratic chiral extrapolation ag contains O(az) only
Adelaide  rg 0.832+4 - -1.40+4 0.494+11 -0.061+9 - 39/76
Adelaide o 0.799+4 - -1.234+3 0.486+11 -0.046411 - 68 /76
Naive 0 0.815+4 - -1.4944 0.506+11 -0.0684+10 - 79176
Naive o 0.781+4 - -1.31+4 0.520+£12 -0.069+11 - 88/76
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Global fits: Interpretation

4

m Fit Approach:

2 2
“ Xadelaide < Xnaive
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m Fit Approach:
2 2
" XAdelaide = Xnaive

m Chiral Extrapolation:
= Including cubic (i.e. O(M$%,)) term unnecessary
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m Fit Approach:
2 2
" XAdelaide = Xnaive

m Chiral Extrapolation:
= Including cubic (i.e. O(M$%,)) term unnecessary

m Treatment of O(a™) in ay:
= scale from rq: O(a) and O(a + a*) consistent

= scale from o: O(a) and O(a + a?) inconsistent!
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m Fit Approach:
2 2
" XAdelaide = Xnaive

m Chiral Extrapolation:
= Including cubic (i.e. O(M$%,)) term unnecessary

m Treatment of O(a™) in ay:
= scale from rq: O(a) and O(a + a*) consistent

= scale from o: O(a) and O(a + a?) inconsistent!

m Quantity used to set Lattice Spacing:
= Adelaide: scale from r Is better than from o
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m Fit Approach:
2 2
“ XAdelaide = Xnaive
m Chiral Extrapolation:

= Including cubic (i.e. O(M$%,)) term unnecessary

m Treatment of O(a™) in ay:
= scale from rq: O(a) and O(a + a*) consistent

= scale from o: O(a) and O(a + a?) inconsistent!

m Quantity used to set Lattice Spacing:
= Adelaide: scale from r Is better than from o

Method of choice: quadratic chiral extrapolation, scale set
from rq, O(a?) corrections in the a, coefficient
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How to get Physical Predictions

4

M,, Mg-~, M, predictions obtained by setting
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M,, Mg~, M, predictions obtained by setting

Vector Meson Mpg(s;v,v) Mpg(s;s,v) Mpg(s;s,s)

P jy Mo M
K~ HEK /wLK'/\/§ M

¢ K UK P
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M,, Mg~, M, predictions obtained by setting

Vector Meson Mpg(s;v,v) Mpg(s;s,v) Mpg(s;s,s)

P jy Mo M
K~ MK MK/\/§ Mo
@ s UK W

m Note that >/, ;,, vanishes, as required, for the
calculation of M,

m Self energy integrals calculated directly (rather than
using the lattice interpretation of the integral)

m Continuum predictions obtained for all 2 fitting types
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Jdiscrete

Source Procedure Scale M, [GeV] Mg, [GeV] My
Experiment 0.770 0.892 1.0194 0.487
Quenched Naive 0 0.902+7 0.984+7 1.06647 0.359+8
? Naive o 0.861+8 0.94748 1.033+8 0.361+9
Cubic chiral extrapolation ag contains O(a + a2)
Dynamical Adelaide rg 0.792+16 0.889+13 1.0294+12 0.38+3
Adelaide o 0.810+11 0.886+9 1.026+9 0.2942
? Naive 0 0.829+16 0.947+12 1.0514+12 0.49+3
Naive o 0.815+12 0.936+9 1.042+9 0.50+2
Cubic chiral extrapolation a contains O(a2) only
Dynamical Adelaide g 0.782+9 0.879+£2 1.0198+15 0.384+2
Adelaide o 0.781+7 0.853+2 0.9946+14 0.2742
? Naive 0 0.817+9 0.93542 1.039+2 0.4943
Naive o 0.786+7 0.905+2 1.0109+15 0.48+2
Quadratic chiral extrapolation ag contains O (a + a?)
Dynamical Adelaide rg 0.789+13 0.889+13 1.0294+12 0.3924+9
? Adelaide o 0.8054+9 0.886+9 1.0261+9 0.316+9
? Naive 0 0.837+13 0.948+13 1.0514+12 0.462+10
Naive o 0.822+9 0.935+9 1.041+4+9 0.471+10
Quadratic chiral extrapolation a@ contains O(a2) only
Dynamical Adelaide rq 0.779+4 0.879+2 1.0200+14 0.389+8
? Adelaide o 0.77443 0.853+2 0.9950+14 0.299+47
Naive 70 0.825+4 0.935+2 1.0381+14 0.456+8
Naive o 0.791+3 0.905+2 1.0106+14 0.453+8
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“Variation of Mass Prediction with A
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p Interpretation

m The (statistical) errors typically around 1%.
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m The (statistical) errors typically around 1%.
m Adelaide fitting predictions is stable (using a,)

m Adelaide fitting procedure is quite accurate — at most
twice the statistical standard error from expt value

m Variation of M, with A Iis small — same order as the
other uncertainties.

®m The naive polynomial fits have both a larger spread of
values and are further from the experimental value
than the Adelaide procedure.

m The quenched results significantly overestimate M.
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m Final estimates of 1/, by taking the the quadratic chiral

extrapolation, the scale set from ry, and O(a?)

corrections in the aq coefficient in both the Adelaide
and naive fitting procedure.

MMetde = 779(4)F1355 MeV,

MYeve = 825(4)**MeV,

Errors: statistical, fit procedure, A (Adelaide case)
No error estimate from ry itself, nor finite volume, nor
Ny#2+1
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m little evidence of O(a) or m, systematics

ratio a,¢/a, ~ constant

W a possible explanation is y/ory = 440 MeV x 0.49 fm is

~ 5 % below true value.
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Y* variation with A and Form Factor
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Y* variation with A and Form Factor
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Y* variation with A and Form Factor
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Nucleon Mass variation with A and F.F.
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Nucleon Mass variation with A and F.F.
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Nucleon Mass variation with A and F.F.
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As In p case, we determine prefered fit, and use spread as
an error estimate
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As In p case, we determine prefered fit, and use spread as
an error estimate

Mﬁdelaide _ 965(15)fgli—é3[MeV]
My®ve = 1023(15)+3*[MeV]

Errors: statistical, fit procedure, A (Adelaide case)
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m generalised Adelaide chiral ansatz to
“pseudo-gquenched” case

B obtained continuum estimate of p and nucleon masses

B estimated systematic errors in masses from fitting
procedure (both chiral and continuum fitting
procedure).
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m generalised Adelaide chiral ansatz to
“pseudo-gquenched” case

B obtained continuum estimate of p and nucleon masses

B estimated systematic errors in masses from fitting
procedure (both chiral and continuum fitting
procedure).

m found Adelaide approach valid (“model independent”)

® \We haven't modelled finite-size effects
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