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EI;—RAEN

I —RAEN | Ax=b

[ a1 aip ... ai, | [ X | Rz
a) axp ... Qy X b
A= , X = , b=
2778 B 277%) N ¢ VR | Xn i bn i

B —RARRISRABRDBFICRITIEEYI 2L —Y 3 TR,
STERBEOKREAINKEICELPSINTWS
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EEEE RERE

EiRfEE

e GaussDHZEE, LUDEEELGE
- BREIOEETHNIEL IENTES
« REITI A ZEFT B, IEZFTERHDIEK

RIEEEE

. ERRER )0 7BIEBRES
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RENGREZEFEE (GaussDiHEIE) S5

GaussDJHEZETIE, EII—XRABER Ax=0ZZFL, E=A1TUZHD
B —RABERICUIEBTENI N x Z5tE T 5.

I —RFEN - Ax=b ERROAEN: Ux=10
[ a1 a2 .. ain |[ x| [ br ] o GRS T | e T R 2
a) ayp ... Ay X2 b &z Uz ... Uy X? b’z
| dp1 dp2  -.. App 1L Xp | s bn | s O Unpn 1L Xp | . b,lq i
ZHRITEORBRRASRICED, BRI N x DD Z5ET 5.
_ b’ = 1 1
Xj = 0. j T Uj 1 Xl T U2 X2 T s — UjpXp ), J =N, — 1, L
JoJ

=172 DA BANDEERDOFHEEIFZ OW), BRAADHEEEON).
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RRNBEZEEE (LUDERE) =

UM EIIREBITHN A ZT=ATHNL & L=ATMN UDBICHET D &
1u b =R HETH . BRETNETHZEREIN, GEXNT NIVIFEDLS

THEOAEN : LUx=b

T

[ 1 1 g wio oo wiy [ x0] [ b1 ]
12,1 1 O uzn ce. Uz n X2 b2
: lnl ln,2 1 JL () Upn 1L Xp | g bn |
BRI MILVOEEFIE

1. y=UxeEBWT Ly=0 ZEHERATEE, yZX6 3.
2. Ux=y Z#%BRATEL<.

fﬁhﬂMﬂ“mtmmﬁhw@H%Ei%n%nCWHCM)T%%
AR NIUDE# D 2355 L, LU EZBWEANNERSKETE S,



FRITHDEREEEY 7807 >

— MUMPS (MPI)

e http://mumps.enseeiht.fr/

— SuperLU (SuperLU_DIST T MPIif:5% A])

« http://crd-legacy.lbl.gov/~xiaoye/SuperLU/

— Pardiso (MPI, AL v K5+ ])

« Intel Math Kernel Library (MKL) (CH A > TWS
e http://www.pardiso-project.org/

— WSMP (MPIL, AL v Ri5H 1)

 http://researcher.watson.ibm.com/researcher/view project.php?id=1426
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2087 nZERME I ?

2V0787ZEM
179 4 E3EEOAXRT Ny D SERI NS
N NIVIITERS NS ERDZERA -
ICk(A, v) = span (v, Av, ..., Ak"lv)

=7 VA78MAERE WS,

- FLoeA - 7Un7
7JVA7DERREE (Wikipediad: D)
- JUOTHDERBEAVWTEIL—RAER Ax=b DIELIHEZ
FRT 557 VA7 ERREEE WD,

« EEOEERIKITHN A EXT NILDOIET, 5EER an’.
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7 A7 87 ZRKREE S

ETROHP#E x, 252, REICE > THELEZEHFL, EDORE x ZER
ro (S¥IHERTRZE EIF (SN, rg=b—Ax, CETESIN3

—MRICEDEE x (DS, BEr=b—-Ax, D/ IILLAZBHAWNT
BEOBNDINR=ZFTVvIIT5
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TILE—MTHlICR T DRk S

1. REITINDATILZ — T (U=4") DIFH

- @ AfFLiE (Conjugate Gradient method: CGE)
- HEFZREIE (Conjugate Residual method: CRIE)
- JR/ZFEZEE (Minimal Residual Method: MINRES%)

RBTINOTIILE—hERES T || R T TILI— TS
AW GtEEHPV) D A=aA"=AT
ZILTU LD EHTES (ai; = aj)
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HEAEE (CGE) OFLIVIL

Xo 1s an initial guess,

Compute ryp = b — Axy,

Set Po = ro,
For k=0,1,...,until ||r¢, < eroLl|bl|> do :
Qi = Apr, <<= 75N h LK
(e, 1)

e = (Pr> qk)’ %

Xi+1 = Xi + Qp Pk,

Fiv1 = I'y — Qr{qr,
(Pis15Trt1)

Bk = ; 2k

(rka rk)

Pi+1 = Titl +,3kpk,<# N7 MNUVDOE#BEENMR
End For

——— NI MLOEHEEME
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CCS HPC seminar 2025

CDARX—=I Tl
Irell2 /1Bl < 10712
HEimlc Ul o=k

Vd

10° .
= 10}
5 I
. 10}
1 i
4R i
£ o107
aas i
10”_ '
0

100

200 300

RIE[CIEL, k

- RIEEOBERET, BEuEE (Indk/bl) #2F v o935,
- BOTEDEEFHEEREUVESREZ Y, x, ZfEE U TEA.

&S
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2. REUTIIN IETILZ — RTHI (A#A") DIFE
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S5

— <

BEWiIMtXZzHAWS8#E
* BiCG/x -+ CGS/& - BICGSTABJ%
- GPBiCG/% -+ BiCGSTAB(/ )% - IDR(s)/& RE
) SEERLHBEVS, BE/ILAREBERSLEL

RWH{tXZ AW 5 8%
- GCR)E - GMRES%
> BE/ILRBERRDTZH, SHEHEHSL

il

—14 -



CCS HPC seminar 2025

° § \ ) W
BiCGED7Z IV X I S
Xo 1s an initial guess,
Compute ryp = b — Axy,
Choose r;, such that (r;, ro) # 0,
Set po = ro and p; = r,

For k=0,1,...,until ||ri> < etoL||b||> do:
qx = Apr q;, = A"p;,
(r,,ry)
Ay = — )
(P} qx) TR N ILEE
Xii1 = Xp + QpPr,
k+1 k kDk * - _pes
kvl = Tk — Qilks| Frpo = T — k4
(r, (> Tk+1) N7 MNILVOEREENE

Pe= —r )

Pii1 = el + BiPi||Pry = Viwy T BkP;s
End For

—-15-




BiCGSTABED 7 L) X n

X 1s an initial guess,
Compute ry = b — Axy,
Choose r, such that (r;, ro) # 0,

Set Po = Fro,
For k =0,1,...,until [|r]l> <||b], do:
qi = Api,
(ry> k)
Ay = —— )
(ro, qk)
[tk = 1 — auqi,
Sk = Aty,
(Sk, tk)
Ck = ,
(S, k)

Xi+1 = X + appr + Sty
Fi+1 = bt — (ieSk,
%k
5 ay, (g, Fir1)
& = — 0 —+——,
&G ()

\Pi+1 = Tis1 + Be(Pr — &kqi),)
End For

TR NIVER

1R

N7 KMNILVOEBEENE

CCS HPC seminar 2025

&S
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GCRZEDZILIY X L S

X( 1s an initial guess,
Compute ryp = b — Axy,
Set po = rop and gy = 5o = Ary,

For k=0,1,...,until ||r, < e1oL||b]||> do :
_ (qis 1)
a’,k - ’
(qr> qr)

Xi+1 = X + QPr,
Fiv1 = Ty — A4k,
Skel = AFpyq,

Bri = —(qi’sk+1), i=0,1,...,k)
’ (qz',qki)
Pist = Fis1 + Y Bribi - ATIINRT NVEIFIRE G 2D 1[E]
© - RVWIEREES 1 HE < DATEYHRE
Qv = Skr1 + ;ﬁk’iqi’ - YR =KL DEREEXEY EZHIR

End For
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V4 N
I =
R1EED YR =
1751 A4 : poisson3Da (n= 13,514, nnz(4) = 352,762, SuiteSparse Matrix Collection)
Hi8b b=[1,1,...,1]"
10°

ok ek
] )
[N -

-
<
2

| I | I I I I | |
| ] | ] ] ] ] ] | ] ] ]

EXTRZ, lrdl2/11bl2

50 100 150 200
RAERBIEL, k

k.

<
[y
(=]

—

R1EE DB R E B
B : BiCG)%, B . CGS)%, M : BiCGSTAB;%, M : GMRES)%
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BRI T B8 =

FEITIIDERIITI (A=A"#A") DIFE

3.
HIRER KR AEE
(Conjugate Orthogonal Conjugate Gradient: COCG/%)

REITIHINERJIIRITIDIZE IS, HE | ERNITS
IREHZD1EIDOTIINY NILET, A=A" £ AH

M DOFEWEME X TErTENTE S (aij = aj # aj;)
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COCGED7ZILII X s >

Xo 1s an 1nitial guess,

Compute ryp = b — Axy,

Set Po = Fo,

For k=0,1,...,until |r/}> < eroLl|b||, do :
= Api, <<= {T5IRY M LK
(P, 1)

 (Peoqi)’ <:,‘:
Xi+1 = Xp + Qi Pk,

——— NI MOEHEEME
Fev1 = T — Qg

By = (rktl,rkﬂ)’ apes

(F, 1)
Pl = Tiwl + BiP <= NI M LOERME & ME
End For

Qg

-20 -
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2% TG Poisson 172

u =1, on 0Q)
f, u (ZEEFRIDEAEL

Q %x,y HRAIC (M+1) EH U o [ x
SRFDESD THERUE

MxMRITHE S DB —RAENICIFE

j> T DEFRL : M E
FBEROE | 5M? — 4AM (&
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BR{TFIDIBMAR (CRSTER) =S

Compressed Row Storage (CRS) 2=
[#5/2] Compressed Sparse Row (CSR) EMERZ EHHD KT,

GONEEONaE val: EBEREIRMT ZET
N agl Zii a23 054 aés col_ind: FEBERDIIES = KR

0 0 am aw 0 row ptr: ZITDFEHEDIFBERI KM

0 as; 0 asy ass | ENTWBEFRZIETRS

val: |aii|aiz|ais|ax |ars|ars|as: |as|ass|ass |ass|asz |ass|ass

col_ind: | 1 |3 [S5S|2|4 5|1 |2]|3|3|4|2]|4])5

row ptr: |14 | 711012 | 15| BRIIIEZEEZRHK+1 OfE

—-22 —



EITHORBIMEIN (CCSER)

Compressed Column Storage (CCS) 2=
[# /2] Compressed Sparse Column (CSC) EMERZ EHH D EFT.

[ a1

val:
row_ind:

col_ptr:

O a3 0 a5’
O axn 0 ayxy ax
A=|az axn azxz O U
0 0 asqz dqq 0
| U asp 0 as4 ass |

CCS HPC seminar 2025

&S

val: FFERZRINT SECS

row_ind: IFBFERDITES Z KN
col ptr: ZIDEEDIEFFTERNIEMN

SN TWBIETZiEd iy

djl a3l |a2|dszz|ds2|A13|Ad33|a43 |A24 |A44|A54 | A15 | A25 | A55
132135134124 |5|1]|2]|35
1[3]16]9]12] 15 REBIFIFFTERY+1 DE

-23 -
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CRSIEEADITIINY MILIR S

CRSIER TIE, 175 4 DIFFBEXRFITARICERKICT VAN, B,
yDiBBHDED y; &, TWADITTHERIBMILx DABETKRDHENS.

T A ENRT NILx DIy =Ax Fortran @ J— K4l
vl [an an .. aw [0 ] ;i;n: 0 000
2 _ dr 4z ... G 42 do j=row ptr(i), row ptr(i+l)-1
y(i) = y(1)+val(J)*x(col ind(3J))
L Vn | L dnl A2 ... dpp 1L Xy | end do

end do

—24 -
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CCSIEER DTN MIVIE S

CCSER TIZ, 175 4 OIEFEXRIIFAMRICEREICTZ I ERAEINS. BE,
TR MILIE y=4Ax &, 1794 DRI MILDIFEFESE L TKHENS.

T A ERTN)Lx DIEy=Ax Fortran M 11— Rl
[ X1 | do 1i=1,n
Xo n y (1)
y=laia,....a,))| | |=) ax end do
: i=1 do j=1,n
X, | do i=col ptr(j),col ptr(j+1)-1

k = row ind(1i)
y(k) = y(k) + val(i) * x(j)
end do
end do




CRSIEN DEREITHIINY MNILIE

CRSTER DEEBITHING MLIE z=A'x

[ ai 0 as | 0 0
0 ayp azp 0 asp
z=| a3 0 a3 as3 O
0 a4 0 agqa asy
L d15 A5 0 0 ass |
J ~

CRSIEX TS N B 1T DIEFTER(L,

CCS HPC seminar 2025

&S

Fortran @ 11— K]

do 1i=1,n
z (1)
end do
do j=1,n
do i=row ptr(j),row ptr(j+1)-1

k = col ind(])
z(k) = z(k) + val(i)
end do
end do

* x (1)

TARICERICT 7 EASNS.

CDTHDEmEZ LD E, FFERIIIABICERBICTIEVASNDE LIRS,
5, CRSEATHMSNIITIDHEETIINY MLEZ1TSICIE, CCSHER

DITHRI MIVRI—-FZRTINESLW,

EWDS 2 EICRB.

—-26 -



CCSIER DERETTIINY MILE

CCSTER DEEBITHING MLIE z=A"x

[ aj 0 as. 0 0
0 axp azp 0  asp
z=| a3 0 azz as3 O
0 aysa O a44 asy
| a5 axs 0O 0 ass
d ~

CCS HPC seminar 2025

S

Fortran O 11— K]

do 1=1,n
z (1) = 0.0DO
do Jj=row ptr (i), row ptr(i+l)-1

z(1) = z(1)+val(g)*x(col 1nd(J))
end do
end do

CRSIER TIXITHDIEFERIFINAAICERICT VBRSNS, GEZEDE
FEFERIFITAMMIGERICT I ELASINE LIRS,

LR ERBRIC,

CCSIEATRM S NIITIIDETEITIINY MLEREZ1TS I,

CRSTER DTN MIVBEI— R ZETITnE LW,

—-27 -
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F5IRY hILEDILFIE =

- CRSITER DIZE D y=Ax DETE

Proc. 0

Proc. 1

Proc. 2

Proc. 3

A X Y

70X THEL 2TD7OtX MPI Gather T
LTT7—9%2&FREFIT 3 TREFI S Proc. 0 ICE®H B

—28 -
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F5IRY hILEDILFIE =

- CCSTERDIZED y=4Ax DETE

— A @\ e
S| ¢ g| &| » = | |+] [+ |+
T T R P
=5 =5 =N =5
A X y
£ 70t X THEL 28XL T MPI Reduce TProc. 0lC

LTT—9Z2REIT S REIS BRZELELETES
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NED IS

(x,y) = an XY

=1
Proc. 0 Proc. 1 Proc. 2 Proc. 3

tmp sum tmp sum tmp sum tmp sum

v

MPI Reduce T Proc.O ICEH D

- 30 -
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ABHED MP1 O— K4l

program main
include 'mpif.h'

call mpi init (ierr)
call mpi comm size (mpl comm world, nprocs, 1lerr)
call mpi comm rank(mpi comm world, myrank, ilerr)

tmp sum = 0.0D0

do i=istart (myrank+1l), iend (myrank+1)
tmp sum = tmp sum + x(1) * y (1)

end do

call mpi reduce (tmp sum, sum, 1, mpli double precision,
mpili sum, 0, mpi comm world, 1ilerr)

call mpi finalize (ierr)
- 31 -
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N7 NIVDOEBEZEMEDIELFIE
y=y+ax (x,y . RNTKNI, a: AHZF—)
a  MPI Bcast CE7OtEXITED

Proc. 0 Proc. 1 Proc. 2 Proc. 3

a

N’ ‘b

a a a a

X X X X
X

+ + + +
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EBHHEAINT N ebOFER =5

- BN s KOFEIL—RAER N
AX=B

T, A:nR1TA,
X = [x050,.x0] B < [50,6, .. 5]

EEEIC KDL

REITIDTEDE U=LURE) DIHRE

- SEENBETENE, sEORNE - BBRAATOK
- MRICIEEZS DEEE, ATUENDE

REETs KOABRANZNRKIETRRNH?
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70y 727V A7BRERREE

70y 77 YA78AEEREEDESE

4 )
- Block BiCG/& O’Leary (1980)
- Block GMRES/& Vital (1990)
- Block QMRJE Freund (1997)

» Block BICGSTAB;%  El Guennouni (2003)
- Block BiCGGRJ% Tadano (2009)

- J

EHAERDRAR N 2FREHTRSZET
WRLLKBZRDDZENTEDS
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Z0v 27700785 ZEMREE =
L ERESNSTEM?

:>1$f9%mt%é$D&UM&@@ﬁ?ﬁ%ﬁW$?%
(CENHB)

10°

Ja—y
<
')

Ja—y
<
i

108 [

EXFEZE, (IRlR/IBllr

0 560 10|00 15|00 20|00 2500
RAE[EIZ, k

Block BiCGSTABE DX R EEFE.

T Wis=1, B :.s=2 MW s=4 ~36-



Block CGi&

Xo € C is an initial guess,

Compute Ry = B — AX),

Set P() = R(),
For k =0,1,..., until ||R¢||r £ eroL||Bllg do:
O = APy,

Solve (P;!Qi)ay = R} Ry for ay,
Xi+1 = Xy + Pray,
Ri+1 = R — Org,
Solve (R'Ri)Bi = R} | Ri+1 for By,
Pri1 = Ri1 + Pifr,

End For

CCS HPC seminar 2025

S5

J

1.

CGEEERBETS

179 - XTI MLIEDORED
1ARDS s ARICIEIN.

ak, B DY s KATHNNC IR - fe.

NI NLDEEEZEDEED
175 - T5EIC R 5 T,

- 37 -



1751 « X7 NILVEDhEE(L =
1791E CRS FERX TSN TWB & T 5.
-YAX%JE Y, X & ni1T s 5 DES.

do k=1, s I s IKDWTDIL—THh—ENME

do 1=1,n

do j=row ptr (i), row ptr(i+l)-1
Y(i,k) = Y(i,k) + val(j) * X(col ind(3j),k)

end do
end do
end do

[ FR-EA ]
X IEDWTXAEY O 7 7 AN TE TLVERL
(Fortran (F{TAMICERGICT —F HLA TWDB)
1T T—F%Z s BEFmERITNIEESR, _ 38—
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175 - X7 FMILEED#EE(L =

[ BRRTE ]
X, YZEBEUETREIES

do 1=1,n

do j=row ptr (i), row ptr(i+l)-1

do k=1,s ! s IK2WTDIL—THh—FBRAHE
Y(k,1)=Y (k,1) + val(jy) * X(k,col ind(3J))
end do
end do
end do

s XIEDWT (W< EDsET) ERT7IVEANTE S,
- AT T—F 1F 1B U D SRR F AR,
- YICDOWTHERZ IV AR TWS.
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nxs 751 » sxs THIFEDEE @

AT - R NIVBEDEIRADIcHICNT ML ZEE U fc.
cnxs {TH & sxs (THIDBEDFE D TRHBDE.

EEIE T T T pT
Xiv1 = Xi + Prag y Xk+1 = Xk +a/kPk

N7 MILEwzZET
+ Alpha(k,i) * P(i,]) [ENEAVEGCSSEER-FENe
w7 Uz AHVATREIC,

Alpha [FEEFH ET B,

— 40 -
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sxn {75 « nxs THIEDEE

s oy, B e RKDBICDHICKHE.

- Co=P O BFHET B EHREZ D,

C(k,1) + dconjg(P(k,3)) * Q(i,7)

-C, DETED, BERAEV 7V LA ZRFREFTE 5.
-dconijg : EXRHMDOIEKZ KD BEE

—41 -



OpenMP lc & 5514k >

- HEEAXATYEIFOAIILA VT —T T —R.
- BFEO O T AICEITINA B2 THIENTE S,

!SOMP PARALLEL

[ 7954 ]

'SOMP END PARALLEL

EELCE, ALY RDPIZEEND, ALy REICHIAD
MIBRTESLLDICHS.

(LT O—NKI&, '$OMP PARALLEL &
1SOMP END PARALLEL CHEFNTWBHEULZXY. )
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&S

OpenMP (C & Bili511E

1. 175 - X7 MLEED AL

'SOMP DO PRIVATE (7, k)

do 1=1,n

do j=row ptr (i), row ptr(i+l)-1

do k=1, s
Y(k,1)=Y(k,1)+val(J)*X(k,col ind(J))
end do
end do
end do
! SOMP END DO

YD do IL—FDHEIIC '$SOMP DO ... ZIZA BT,
=% 1$OMP END DO I &BZOIHE. e
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&S

OpenMP (C & Bili511E

2. nxs1T9l - sxsTTHI DIED A FL

!SOMP DO PRIVATE (i, k)
do j=1,n
do 1=1, s
do k=1, s

X(k,j) = X(k,j) + Alpha(k,i) * P(i,7)
end do
end do
end do
'SOMP END DO

—END do JL—FDH]IC '$SOMP DO ... ZMMA BT,
E% D 1SOMP END DO (&I TAJRE.

—44 -
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OpenMP T K B 514k S

3. sxn{THl & nxsTTHIDIEDAFI(L
LUT#ZEFTLT =P O 5HET 3.
! SOMP SINGLE
do j=1,s
do 1=1, s
C(i,3) = 0.0DO
end do
end do
!SOMP END SINGLE
!SOMP DO PRIVATE (i,k) REDUCTION (+:C)
do j=1,n
do 1=1, s
do k=1, s
C(k,i) = C(k,i) + dconjg(P(k,3)) * Q(i,3)
end do
end do
end do
!'SOMP END DO

— 45—
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0.07
0.06
0.05
0.04
0.03
0.02
0.01 |

EITER /s [

0.00
0

75 BRFEFEANZEEHERE

10

20 30 40 50
Gi1AXRYT NIVEL s
E:L_’\7 NILEBDZALICK T DETEREZEIL (OpenMP 1217%1]) |

(QCD) THENZ1TY

750 X 11,572,864, FEEOERE : 80,216,064,
. Sé%ﬁﬁ%i% . CPU : Intel Xeon E5-2620v3 2.4GHz x 2,
- AV INA 7 :gfortranver. 5.4, A>3 : -03 -fopenmp

CCS HPC seminar 2025

— 46 —



FEH
B —RABROBETH 3
7 ) A7 BHEEREEEMD EF T,

- FRITHNICXT I BT - XU MNILFEDER
75 EZFDAFIEIC DWW T AT,

- 70Oy o7 )O7AaERAREEE - NOKREL, K
" OpenMP TOAEF{EIZ D W TN,
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=[HH
L 7/R— N ER%E (>
RDITH A EGAXRT NIV b ZH DEIL—RAREI Ax=b Z, BiCGEEBICGSTABE

THBRL 7O L%ZEDKRZI W, BL, 1754 FCRSER TIEMT B &,
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