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1. Introduction

Isospin I = 2 S-wave mr scattering phase shift

1. with dynamica! «,d quark effect (N; = 2 fullQCD}
2. center of mass and laboratory frames
3. continvum limit

Motivations :

(i) Understanding of hadron dynamics

e scattering length aq
previous work

— Sharpe, Gupta, and Kilcup, 1992
— Gupta, Patel, and Sharpe, 1993
— Kuramashi et. al., 1993

— JLQCD Collaboration, 1999

— Lin, Zhang, Chen, and Ma, 2001

e scattering phase shift 6(p)

— Fiebig, Rabitsch, Markum, and Mihaly, 2000

from ww potential
— CP-PACS Collaboration, 2002

(ii) First step for study of hadron decay
g —aw, K —=mr, etc.
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1. without dynamical quark effect
(quenched approximation)

2. center of mass frame

3. lattice spacing a is finite
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2. Method
2.1 &(p) from lattice calculation

(i) Lischer’s formula

Commmun. Math. Phys. 105, 153(1586)
Nucl. Phys. B354, 531(19291)

wave function of two-particle

s v [
¢(r) = Z Z ﬁm(ﬁy{:ﬂ)’wﬁm("")

I=0rm=—1
Wi (7Y o< eq(p)g(er) — Bilp)ry(er)

4#{p) 1 spherical Bessel function
n{p) 1 spherical Neumann function

Bi(p)
o {p)

tan(d;(p)) =
s center of mass frame
e finite volume L3
e periodic boundary condition

e interaction range K . L > 2R
€&\, —=

| V(ir)#0 0<r<H
/ Viry=0 -




two-particle energy on finite volume Egx

Epr = ETH":I"I'IQE

e ; .
Boar = Eﬂmg% +F2

27
ﬁ=—i—ﬂ, H:D,'--,L—l

r ,
Ey%nﬁ-%;ﬁ

|

Lischer’s formula
372 Iy
=7 <t )
, §= o, 4N
Zoo(1; %) 27

Zoo(1: ¢ )—V,— >

nEZ3 !;1'

tan(d(p)) =

Scattering phase shift 6(p) can be obtained
from two-particle energy on finite volume.



(ii) Generalized LLUscher's formula
Rummukainen and Gottligh, Nucl. Phys. B450 397(1995}
taboratory frame Tp, —F + Mgy {(P1+po=")

Bl = EBL.+AEB"
E‘?%?T \/mr + P + \/mg _I_F'E

{ boost
center of mass frame L A A (;—:fl-i-r:-;:r:]j' .
1 2

(B = (B5)7 - P2 = (2y/m2+ 1)

Generalized Liuscher’s formula

3/2 .
Yr g Lp
tan(é(p)) = . q=
Egn(li %) 2m
, , 1 1 1 P LP
Zullig) == 5 1= ——=, v=5p, d= 5
o Vi I_EZP:] r? — g2 V1 — 22 EL 27

Py ={re Rr=~+"1n+d/2).n ¢ 73}

Eﬂ%ﬂ - "5(33')



advantages of laboratory frame

¢ simultaneous measurement

Center of mass and laboratory frames

e intermediate energy (momentum)

ESH(0) < Br(0) < Bgy' (1)

s number of frame

. 2 22_1'1'

p="", o (P=p1+7
7 7 ( Py + 72)



2.2 Diagonalization method

Problem on lattice {center of mass frame)
aw 4-point function (€2 = w(p)w(—p))

Cop(t) = {0/S2(£)52(0)|0)
Z !Vk}}FE_E‘:‘:t _I_ o
k

= |Vop|%e BV ¢ s 00

Vip = (lS0I0), By = 2¢/mZ + 17
We cannot obtain Ej, from single exp. fit.
Fp is extracted from single exp. fit.

Diagonalization of Cpg(?)
Liischer and wWolff, Nucl, Phys., B3390 222(1990)
N x N 4-point function matrix

N
Cpg() = S VL - A1) - Vig,  Du(t) = e ™
i/

D(t?tl_j)w;u — }-.y(f,. t{])’lﬂy

D(t,to) = 12 )C(t)C~H3(tp), to : reference time

independent of operator normalization

In laboratory frame A.{(t, 1g) is obtained with diag-
onalization as well as center of mass frame,



3. Set up and parameters

(i} mx 4-point function
CP-PACS Collaboration, hep-fat/0209124

e Sink
Q(t) = Y w(R(p),Om{(R(~p)i)
REOH
Ch : cubic group
Z . projection 1o A‘f (S-wave)
ReOh
e SouUrce

() = 7(p, )7 (—p, )

7(p,t) = (Z @(m)w*(m)) 5 (Z e_ipyﬂ(y)ﬁy))
T Y

n(z) 1 U(1) hoise, S n*(e)n(y) = 5 (z — o)
1

e 4-point function
Cpg(t) = ) _(0[€2)(£)824(24)(0)
1
p > ¢ symmetric
tg . source point



(ii)) momentum setup (d=di +dy)

[. center of mass frame
CM 4=1{0,0,0) 0, 1,2

" d ds W
0 (0,0,0) (0, 0,0 1.40
i {1,000 (1,0 00 1860
2  (1,1,0) (-1,-1,0) 1.78

II. laboratory frame 1
L=1 d=(1,0,0) 0, 1,2, 3

N d1 do W
0 (1,0,0) (0,0, 0) 1.45
1 (1,1,0) (0-1,0) 1.65
2 (2,00 (1,00 181
3 (1,1,1) (0,-1,-1) 1.83

III. laboratory frame 2
L=2 d=(1,1,0) 0, 1,2, 3

n d1 = W
¢ (1,1,0) (0,0,0) 1.49
1 (1,0,0) (0 1,0) 151
2 (1,1,1) (0, 0-1) 169
3 (1,0,1) (0, 1,-1) 1.70
! N
W= /B (—d) at m. = 0.7,L = 16
y L

/ 21 \? / ET; RE
B = I.'mﬁ + (—ffil) + -\f. mﬁ “- (Edi)
index p —= n, Qp = 2n, Cpg — Cnm
10



(iii} Simulation parameters
Ny=2 fullQCD configuration
CP-PACS Collaboration, Phys. Rev. D65, 054505(2002)

s improved action
gauge . Iwasaki action
fermion . clover action

e parameter | )
. B [ Caw |a7tGev] L°-T
1.80 | 1.60| 0.918 [12°.24
1.95|1.53| 1.27 |[16%.32
" La ~ 2.5[fm]

e pion mass and number of configurations
8= 1.80

“my [MeV] [ 1060 | 900 [ 760 | 490

£ of conf. | 650 520 | 730 | 400

" 3 =1.95

| mgy [MeV] | 1130 930 | 760 | 540

7 of conf. | 590 | 690 | 680 | 490 |

» boundary condition
spatial direction : periodic boundary
time direction : Dirichlet boundary

e # of U(1) noise ; 2 / conf.

11



4. Results
4.1 4-point function Cpm(t)

(i) center of mass frame (my = 760[MeV])

10" —————— T
10 !l mr=T m=1
ok EO
. I I... — N=0 m=1
E‘i."- '
10° *-&*_*_l.
. T3 Se,
source point ﬁ“%* e
= k., Teg
10 | -._:f_:.:**..
27y
- B =1.95(CM) Mgk
- 5 10 5 20 25 30

Off-diagonal part : finite contribution
symmetric n < m
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(ii) laboratory frame 1 (my == 760[MeV])

10" e T

" & n=0 m=0
o - 'I. | " n=1 m=1
5 I ' 3 t.. + HZD !T|=1
10 gﬁe T % n=1 M=0
! i fa_ %y
T ThyTey
K. .re
. *'#;#'--
source point #ﬁﬁ"-.
ek #ﬁ%ﬂ;;;..
o B =1.95 {L=1) .-*ﬂﬁ;_
10 - TT.
e A R R

Off-diagona!l part : finite contribution
sYMmetric n < m
same behavior as CM

13



(iii) laboratory frame 2 (mz = 760[MeV])

1Dw T — T 1 T T T T .
N ® n=0 m=0
e . = =1 m=1 |
1 :ﬂeﬁ M‘-}H*'-'_ % n=1 m=0 i
10" “*%%g%% .
source point | %#g%%%
10° F .
= 1.95 (L=2 %ﬂ*&
1 B - e ( - } .m'-_
LA 5 10 15 20 25 20

diagonal part : same exp. decay
Off-diagonal part : finite contribution
SYmmetric n < m

14



4.2 diagonalization
(i) center of mass frame (g, = 760{MeV])

4D e
W B =0.195 (CM) o,
120 | a -
- tﬁ - E, N = :3 - H1 J_‘D
110 | - W, | 1
1.00 ='..‘....... J_% i
] L] T | .
grggz_ ..'.. ....-....!f:“a.'.—u
os0 | elgoo.t -
- - ]
0T ."H'*.Hu' |
0.80 f -+5 B
0.50 + T.—
040 ST 15 =20 25 @0

4-point function ratio R, (open symbol)

_ Can(¥) , o—(Bo—En)(t—tg)
Rp(t) = GInGE® e (t > )

GL(t) = 0I(7* (py, t}m(p;, ts}[0) ~ exp{—y/m2Z + p3)
E. : 2-pion energy without interction

eigenvalue ratio W,, (closed symbol}

Ant, ig) e o— D EnlE—tg)
GEGE(E)
AR, = E, - By
Diagonalization is needed to extract Ey.
ik

I’{’rn(t) —_— Nﬂ.



(i) laboratory frame 2 {my = 760[MeV])

1.20 — — : —— v
B =0.195 (L=2)

1.10 F -8 N=4

1.40 i....."ii _

i ettt
| o R el

o.80 * Y, iicnla
| - R, .

Q.70 — = W1 . T._

0Bl

380 STy 10 TR 2530

Eq and E; are split after diagonalization.

4 B B
(B A+£}.A)X_EX

DA
~ A+~2—iB (B » AA)

16



(iii) reliability (N x N matrix diagonalization)

1.40 T —— - ‘
1.30 | ® N=2 W, :
o0 | w N=2 W,
110 m N=3 Wt '-
1.00 Y T .
 Lahial S L1 T TP
ﬂ.ams— l... pbd L LT T ¥ TP
n
0.80 - 'l:... 1
n
070 | .’.".'ll ]
0.60 =I.'.' 1
050 A =1.95 (CM) ;
040 5 19 15 20 25 a0
t
1.20 pe——— : , —
110 - P =1.95{=2)
1.00 comWing
!' l | =-I|. *evoee :++ )
*o9 e
o0 - @ N=2W, . "y » ++ -
- N=2 W, oL P .
ALA0 - = MN=3 Wu ++ )
| N:B W1 + | |
a N=4 WD .
070~ M= W1 ..
¢80 5~ T 18 20 25 aa

Results for n = 0, 1 states are stable.

1r



4.3 chiral extrapolation
my > 500[MeV] — mgx = 140[MeV]

amplitude T(p)
global fit for m2,p? with all data at each 3

tan{é{(p})
p

ST Aj (m2) ()"

ik

= Ajgm2 + Axgmi + Ap1p?
+A11m2p? 4 Agop®
— agmgs p— 0, op ! scattering length

Br, Er= \/’mg + p?

|

T(p)

|

preliminay resuit
3 1.80 1.95

A1g[Gev—2]  -0.943(52) -1.050(60)
Asg[Gev ] 0.494(50)  0.447(53)
Ap1[GeV ™4 -0.74(25) -1.37(38)
Aq11[Gev—4] 0.67(19) 0.99(28)
Ago[Gev—9] 0.72(67) 1.33(96)
y2/d.o.f 1.4 1.8

me = 140[MeV] _
ap T —D.DlBE(lD} -0.0204(11)
-0.0444(10) (CHPT)

large Ofa) effect

13



(i) T(p) at 8 = 1.8C

0.4 | : . . |
r -
i- - {.L"_‘-I:H i

.1 m_=1080[MeV] ;

'_-.._._'_-___._-rl—""_'_.:!

.4 ¢ F@_f e =

8.6 ". h‘x {L-E)1 K i
L II'. {I_--'I }EI ""1 {DM]]

aal "~
| {CM), (L=2),

—1.0 F

125 a1 ' ] A ] 0.3 0.4

O GEV ]
.0
m =760[MeV]

02 T

0.4 th— . B +=$_ 52 e

~0.6 I

_0.5 v i
?

-1.7 JI—

) c ' oe 6. 0.4

pEeY ]

Reasonable fit are possible with resulfs

from different frames.
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(ii) T(p) at 3= 1.95

0.0

1.0

2 3

0.4

-0.6

| m _=1130[MeV]
I : : “*Bﬂ_'_____,..-ﬂ*?”
I
b $——1
' o
o | a1 0.2 0.3 0.4
pGev
mm=?BD[MEV]
1
h | '.
R e l ]
7? (F T -
0 T oA X 0.4

0.2 _
pGev

Reasonable fit are possible.

2L



phase shift at m, = 140{MeV]
(preliminary resuit) -

1 L 1 .- 1 , |
¥ 0.08 016 (.24 0.32
piGev ]

&(p)| increases as a decreases.
O{a) effect exists.

21



5. Conclusion

We calculate 7 = 2 o scattering phase shift with
N; = 2 fullQCD. f

s Energy of nw state are extracted by diagonal-
tzation method.

e We can obtain scattering phase shift i'n labora-
tory frame as well as center of mass frame.

e Scattering length agma {pretiminay result)
3=1.80 -0.0182(10)
3=1.95 -0.0204(11)
CHPT -0.0444(10)
O{a)} effect exists.

e Scattering phase shift {(preliminay result)
|d(p)| increases as a decreases.
O{a) effect exists.

future work

1. T = 2 #« scattering phase shift in a = 0

2. I = 1 =x resonance scattering phase shift
p — T decay

3. T = 0 rw scattering phase shift
4, K — «w decay
5. check of interaction range R < L/2
Vi{ry# 0 (0 <r<R)

22
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