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QCD Phase diagram

QCD Phase diagram : non-perturbative aspect
Lattice QCD simulation
A lot of interests in dense QCD

critical point

unknown phases \
Lattice QCD at finite chemical 7 |, . ¢ ¢%¢F
potential 4 : sign problem R PR
77
“Is there another method?” &v(; ......
Confinement R R
>
U
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Tensor network (TN)

- An efficient approximation of quantum many-
body state from quantum information

amiltonian fOrmalism cf. Lagrangian formalism

Y. Shimizu, Y. Kuramashi PRD90, 074503, PRD90, 014508

Matrix product state (MPS) : TN for 1d

) =~ | Z Tr [M[1]" - - M[N]"™™] |iy - - -in)

Mk irtual ingi

mmn<+— Virtual indices

iv. physical indices at site k,

m, n (=1,..., D) : indices from this approximation, D : bond dimension
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An example of MPS

1/2-spin 2 particle system: i=1or | fork=1,2

Supposing D =2,

By computing trace of products Tr[M[1]" M[2]*]

0 for the others

1 . .
Tr [M([1]" M([2]*?] ={ /2 for (i1,42) = (1,1), (1, 1)

. . o 1
E Tr [M™ M2 |irie) = —= (|T1) + |11))
— V2
11,22
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Variational search

For ground (and some excited) state search

Ground state derived by searching minimum
of trial energy computed by trial MPS state:

(Y| H |9)
(% [ )

¥): a trial MPS state

E = min Fi., = min

the minimum searched with variational
approach dE,

dM(nf;"
with fixing the other elements

EROVEBERFQCDYIal—Y 3y ik ZE (CCS. 3fKK)
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Bond dimension D

“the relevant tiny corner” of Hilbert space

Ex.) 1d spin system

size of the full Hilbert space MPS with finite D :
<

dN NdD?

Hilbert space,

4 _» exponential

polynomial | -y

/
P

The full Hilbert space by D = (dV-1/N)2 ~ dN2
Approximation improved systematically

From quantum information, D << gV~

)
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Convergence in D

-6

6 10__ . . . .
J T'=0 +
(Dmax = 140) M. C. Bafiuls et al,
4} : ‘ Pu re S—tate LAT2013, 332 (2013)
E N =300 — dV2 = 2150 ~ O (10%5)
12
1.
B FETRITER
00005 001 0015 002 0025 003
1/D
1.5091e-02 . | .
Nnon-zero T
e_02 L =04 i .
1.5090e-02 (8ﬁ ) o * Mlxe_(j S-ta-te
WN1.5089e-02 | . (N= 40)
o
1.5088e-02 | -
° o 00 ¢
1.5087e-02 | | |
0 0.01 0.02 0.03
1/D
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Schwinger model for Ny=1

J. Schwinger Phys.Rev. 128 (1962)

1+1 dimensional QED mode] N Pakand P. Senjanovic, Phys.Let.B71, 2 (1977),

K. Johnson Phys.Let. 5, 4(1963)

* not QCD, but similar to QCD

confinement, chiral symmetry breaking (via anomaly for
Ne=1)

* exactly solvable In massless case = a good test case
Hamiltonian of Schwinger model in spin language

(staggered discrieization)

N — / N—-1 Mmass term
g lofo 1 +on 0]+ E 1+ (=1)"0;] T. Banks, L. Susskind and
=0 n 0 J. Kogut, PRD13, 4 (1973)
N — n 2
=0 I. 0

= Hhop + Hpass + Hg

. . . . Gauss law
where inverse coupling x=1/a2g?, dimensionless mass u=2m/ag? and | = L(0)
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Additional tools:
Matrix Product Operator (MPO)

Ex.) MPO of one hopping term with N =4, open boundary

Hhop half — & E Jn0n+1
n=>0

= Y Tr[APALAZAY] (6) ® 61 ® 6% ®65)

?'037'13?/2,7'3
where AJ=(1 0 0 ), Ay = (0 =z O ), for left boundary
1 0 0 O o 0 0O 0 O
A=1000 | AA=[00 0]}, 42=|00 1]
0 0 1 0 0 O 0 0 O

0 0 for bulk n=23
0 __
A3_ (1) A%: 1 (}',_(]2)(2,0'*.0’”)
L) 0 v

for right boundary
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Our previous study

M. C. Banuls et al JHEP 1311, 158, LAT2013, 332
Schwinger model with MPS method
With variational method, computing:
X spectrum -
* (subtracted) chiral condensate: 7— N Z [HO ]
Continuum limit: 1/vz — 0 in spin language
with inverse coupling x = 1/g2a2

12 v v v v
0 s

+ . .
m/g =0 +\\+~+ [ ousf m/g=0.125 .+ { Fit function:
+ - +
011} ;
+ -+ log(x) 1
- r)=A+F +B— (—
ot 0.105} fla)=A+ NG VT T

0.1f

0.159930(8) | 400l

Logarithmic correction from
0. 092023(4) 1 analytic form of free theory

exact 0.159929 (H. ) 0.0929
0 0.05 0.1 0.15 0.2 0.25 0'090 0.05 0.1 0. 15 0.2 0.25
1/ 1/
(H.) Y. Hosotani arXiv:9703153
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Lattice gauge theory (LGT)
with TN approach

Earlier Study: critical behavior of Schwinger model
with Density Matrix Renormalization Group

] T. Byrnes, et al. PRD.66.013002 (2002)
Nowadays: various branches
* Our previous studies M. . Barius et al JHEP 1311, 158, LAT2013, 332 (2013)

* LGT with TN on higher dimension

* Real time evolution B. Buyens, et al. arXiv:1312.6654

% Quantum link mOdel P. Silvi, et al arXiv:1404.7439

E. Rico, et al. PRL112,201601 (2014)

* Tensor Renormalization Group

Y. Shimizu, Y. Kuramashi arXiv:1403.0642 (With Lagrangian)
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This study



Chiral symmetry restoration
of Schwinger model for Ny=1

Chiral symmetry breaking at 7=0 (via anomaly)
& At high 7, the symmetry restoration

Order parameter : chiral condensate (v

. " . Sachs and A. Wipf, 0.2 .
Ana|yt|C fOrmUIa arXiv:1005.1822 () [e
<’l}7)fl/)> — %63’)’(32]('[3’,"'7) 0.15; 777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777
| 2T
[ m
— Yo7 for T — 0 T smooth curve

=94 27

2T e~ TT/my for T — o0
\ W—

o0
1 N
where [(z) = . ————dl  Euler constant v = 0.57721...
0 ] — ez cosh(t)

1 1 1
) 0 0.2 0.4 0.6
May = (/ﬁ /T
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Thermal calculation

O
Expectation value at finite T (O)5 = tx;i [pfﬁ()ﬁ])]

How to calculate the p(h)

highT — low T

— —6H
p(ﬁ) ~ € oH S & 0 Ex. ) For fixed ¢, larger

Nsep (= /0 ) corresponds

. ) ) to lower T
where e %% ~ [1 — §H9] e"%Hce“‘SH%“%H" [1 — ng]

. Approximation to p(#) (MPO ansatz, global opt.)
In 3=0, p(p)is identity.
)

]St;StGQ <Z'1 °°'iN| |:1 — 5h{g] |j1 .. 'jN) ~ Tr [A/I[l]iljl ...]VI[N]z'NjN]

4N x dN elements as variational search,
updating tensors M|[k] in size of d?x D?

2nd step

5 B ,
(iy - in| e~ 2He [1 - 5”9] g1+ dn) ® Gin - -inl e 2He [y o k) Tr [M1]F291 .. MN]FNIN]

Q

~ Tr [M[1]"91 ... M![N]*NIN]
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Simulation

MPQO approximation for p(5)
p(B) ~ Z. Tr [M[1]"9 - M[NTNIN] Jig - i) (G1 -+ GiN|
- Open Boundary condition
Four simulation parameters

1.From MPS approx., bond dimension D D —
2.From T evol., stepsize d 6—0
3.chain length N N —

4.inverse couplingx  1/vVz—0
o0 avold large finite size effect: N/vz > 15

2015F985H, AR EEB R ERE!
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Four systematic errors

From chain length A,

From bond dimension D, Inverse coupling x
step size 6 continuum limit with fixed
Ll | | | | ] physical length N/y/z =20
025 B | | | | |
0.15 — i
= 0.2 | -
0.1 DR e s | .- ------
0.15 - L
0.05 Sachs and Wipf ~ ——— 01 L
D=20, 6=0.001 —
e D=20, 5=0.0001 Ne 20, %o
oOr— D=40,6=0.001" - — 0.05 N= 50, x=6.25 i
D=40, 5=0.0001 N=80, x=16 -
| | | | N=100, x=25
0 1 2 3 4 5 ok NZ120, %0
gf | | Sachsland Wipf ~ ———
0 1 2 3 4 5

gp
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Extrapolations D @ 3

(1) D — o with @2 6 — 0 with @ N — o with
fixed 0, N, x fixed N, x fixed x

{(10 ----- [rrrrrrrres [T Trrrrrrrrr ] [T rrr T rrr7 rrrrrrrrrr° 0016||||':

U 0.015¢ 0.014}

O : 5 ——
- 0 10 20 ] 0.0145¢F ] 0012 A g ;11
I ] : N =40 . 250
- . - ; N =50|; : r =32
Op. . L Qo ] N =60 z =45|]

' ' 0.01 4L T D : ot
0 > (1/L$OX 10315 20 0 0.5 5 1 15 00l =005 001 0015 002 0025
x 10 1/N

at g6=04
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Extrapolation @

4@ continuum extrapolation 1/v/z — 0

0.2
0.18|
0.16|

0.14f /

2015F985H, R EEEREAEZERDYIBEIKFQCDYIaLl—Y 3y

ateach T
(solid blue)
by
Z Econt -+ \/— log( ) ﬁ
(dashed red)
_ a2 by c
Y = Yecont + Jz log(x) + /z + -
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Chiral condensate
IN continuum limit

After eliminating those systematic errors -

0.15 «««««i«««:
<
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Cut-off effect

continuum extrapolation in high T

E 2cont + lOg( )

J— (solid)

T
: % = Seom + Llog(z) + 2=+ 2 (dashed)
. \f VI
001}
large x required

— large N for finite size effect
— large norm of H

0.005}

. — extremely small o for approx.
: exp (-0H,) ~ 1 - OH,

O: ......... o o : — the huge number of steps

0 0.2 04 0.6 in Suzuki-Trotter exp.
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Another approach

chiral condensate at high T

0.062 - large electric flux is
: exponentially suppressed
0 041 In thermal state:
: e~ 2 Ln ) =~ 0 for I, > 10
0.02| L .
: - additional extrapolation
: needed
of
0
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Summary

Computing chiral condensate at finite T in
Hamiltonian formalism with tensor network methods

Evaluating dependence of parameters: bond
dimension, step size, system size, inverse of
coupling

By taking continuum limit, we obtained results
consistent with an analytic formula. 1 sachsanda. wipt, arxiv:1005. 1822

Future plans --:
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