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Toward the numerical study of
lattice QCD at high density

* Avoiding the sign problem in finite-density QCD
* Density of state method + Reweighting method



Problems in simulations at u=0

Problem of Complex Determinant at u=0

o Boltzmann weight: complex at u=0
« Monte-Carlo method is not applicable.

« Configurations cannot be generated.

Density of state method (Histogram method)
X: order parameters, total quark number, average plaguette etc.

Z(m,T,u)zjdXW(X,m,T,u)

histogram

WX m, T,u)= [ DU S(X-X)(deth (m, ) e

Expectation values

(01X 7 = % [ax olx]w(x,m.T.p)

The density of state method is useful if we combine the reweighting method.



Order of phase transitions
Distribution function (histogram)

First order phase transition SU(3) Pure gauge theory

Two phases coexists at Tc QCDPAX, PRD46, 4657 (1992)

e.g. SU(3) Pure gauge theory histogram e '2;2;36;4' ;

Average plaquette (1x1 Wilson loop): P ety

00 +

Partition function

100 +

Z(T)= [dPW(P.T)

. | .0.555
histogram

Effective potential

Ve (P) =— ln(W(P ))



u-dependence of the effective potential
Z(T, )= [dX W(X,T,p). Vop (X) = —In W (X)

X: order parameters, total quark number, average plaquette etc.

Crossover

V(X,T.1)  Correlation length: short Critical point

V(X): Quadratic function
Correlation length: long
Curvature: Zero

|18t order phase transition

hadron CSC Two phases coexist
Double well potential

QGP




mass-dependence of the effective potential

Z(T.)=[dXW(X,T.n). Ve (X)=-lnw(x)
X: order parameters, total quark number, average plaquette
etc.

Critical point Crossover

V(X T “) Correlation length: short

V(X): Quadratic function
Correlation length: long

Curvature: Zero
N NE2 Quenched
\)F U ; Storde"\f‘"
Tricritica D

point mT#

15t order phase transition 2dorder

Ms

~ Crossover

Two phases coexist «
Double well potential

1

u=0| 0k

OF

Mud o0




Reweighting method at uio (S.E., Phys.Rev.D77, 014508(2008))

¢ DIStI’IbUtIOﬂS Of plaquette P (1x1 Wilson loop for the standard action)

Z(B,m,w)= [ dP R(P, m,my, 1) W(P,m,,B) S, =—6N_ P B=6/2’)

W(I_D,B)E j DUS(P-I_?)(detM (1m,,0))"" ¢ (Weight factor at u=0)

[ detM (m,p) K (Reweight factor)
[ DU 8(P-P)(detht(m, )" <8(P P)idetM(mo,o)j >

5 _ puco _ | detM(mp) )"
ST R e T T N =<[dem<m0i§>j >

R(P,m,n): independent of §, — R(P,m,u) can be measured at any [3.

Effective potential: CIOSSOVer 15t order phase transition?
non-singular

Ve (P)=—1n[R(P,u)W(P,B)]= \/ + \; 9
—In[W(P,B) | —In[R(P,p)] \/\/



Reweighting from quenched simulations
WHOT-QCD Collab.

» Order of phase transition near the quenched limit
— First order (mq—®©) = crossover (small mq)

* Quenched simulations + Reweighting method s

— detM is estimated by a hopping parameter expansion.
« Effective potential in a wide range of P: required.
— Derivative of the effective potential

d Veff

dpP /
/N

) /VP

Veff (P)

P

— One can combine the data of dVer/dP obtained at different 8 using

(Bl) sne(B _B1 )P — Veff(Bz) def ([31) mte(B _51) def (ﬁz)




Effective potential near the quenched limit

def aVidP first order

K=0.058 +
2000 r Quenched
K=0.062 +
1000 - P 1 1 = 0 r *
T Simulation K084+ o
0 ++’r+ et +++
(mq=0) T
+ +F
4000 L ++++ +++++++|'+++ +++++ . ++ .
+ + + S
+ + + + + + +
-2000 - ++++ . +++tﬂ+ & Frp gt R a4 +++
+ ¥
+ e AT + +
-3000 5t . +++++++ e ++++++++j:jr+++++++ +++ ++++ &
" ++ T ¥ + A ++++
0 B Quark mass 2000 | F L e, T
L : : | ;
- ﬁ? 11 2 oy e N A Crossover
K ++t++ z“. ‘L.‘ “‘. Sma er + +++ P e +++
+ __________________ r ..... .|.+ ++ ++ +++++
% s “ Ll T

6 A Y LY A i . A I ‘
0545 0546 0547 0548 0549 055 0551 0.058 = v T .\L
008 -+ —
0.062 Yt 4
K~1/mq for large mq K . # |
0.064 oty ;
0.06 .

._‘

243 X41attice 5 B points %595 0.\546 0547 D248, 0549
s

kY
0.55 0.551

* Quenched simulations are performed and mq is changed by the reweighting.
* First order transition at mg=0 changes to crossover at mqg< oo.

=



Application to finite density QCD

» Solving the sign problem



Avoiding the sign problem

SE, Phys.Rev.D77,014508(2008), 0: complex phase
WHOT-QCD, arXiv0909.2121 v
detM(n)

det M(0)

« Sign problem: If o/® changes its sign, F=

detM(u)) "’
c
R(P.y) = =
det M (0)
Pfixed
« Cumulant expansion <..>F.p: expectation values fixed F and P.
(€°F), =] Fle"), ,dF

zIFexpm{—%<62>c—§ ’ C+4l!<64>c+ﬁ<lF

—0 —>
cumulants

O =00 (), =(0°),, (00 (), =107, 30070, 52000, (0], =

<ei9F >P << (statistial error)

— 0Odd terms vanish from a symmetry under p <> —u (6 <> —0)
Source of the complex phase

If the cumulant expansion converges, No sign problem.




Convergence of the cumulant expansion

* Because 06 ~ O(p), <9n>c ~O(p")
— The cumulant expansion is a power expansion of .
» Applicable at low density.

— |f one takes into account 6”‘> . the truncation error
does not affect up to O(n"). '©

« Gaussian distribution function
— The cumulants vanish except for <92>C-

(Fe”)= dejde Fe®W(F,0)~ .' dF Fe 'COw '(F)

W(F,e)zw/—“f)e‘“’?)ezW'(F) — <Fef9> z<Fe_<92>F/2>

1 je W(F",0)do )
20(F") j W(F",0)do F




Gaussian distribution of the complex phase

- Complex phase of detM =N, Im[Indet M ()]
— Taylor expansion: odd terms of In det M (gielefeld-Swansea, PRD66, 014507 (2002))

u dIndetM d’ IndetM d’ IndetM
. N"{? d(w/7) 5( j &*(w/T) 5’(Tj &*(w/7) +}

« Gaussian distribution histogram of 8

400 L
— Results for p4-improved staggered
— Taylor expansion up to O(u>)

— Dashed line: fit by a Gaussian function >

— SE, Phys.Rev.D77,014508(2008)

/T=1.0
200 — H,

\ u/T=2.0

100 —

. _ —r |1i||N||‘“|I l ‘ ‘l‘”“”ﬂllmi.

—20

Well approximated  ¢m

9 (Nf/4)1111 [In(det M)]




Convergence In the large volume(V) limit

« \Worst case: Because 6 ~ O(V), Naive expectation: <9”> ~O0")?
— If so, the cumulant expansion does not converge. ¢

However, this problem is solved in the following situation.

+ The phase is given by 6=) 0
. ! 6, (6, |0
— No correlation between 6x. ~*
— This situation is realized if we define the phase as
3 5 e4 e5 e6
wdlndetM 1(pY d’IndetM 1( Y d’IndetM
0=NIm — = = | ——F
"{T d(w/7) 3!(T & (/1) 5!(Tj &*(w/T) }
- : 0 0 0
. eszr/TIm dlndetM} d(ij 7l | U
’ i d(“/ I ) i\ correlation length

— The first derivative is the sum of the local density operator.
The spatial density correlation length is short at a non-singular point.

[ dlndetM | fof o OM Diagonal element:
d(u/T) o(u/T) local density operator




Convergence In the large volume (V) limit

This problem is solved in the following situation.
» The phase is given by 0=>6,

— No correlation between 0x. *

@), =) ST, e TEE ),

F,P x

@), —en S0, | m (07) ~D(6r) ~O0)
— Ratios of cumulants do not change in the large V limit.
— Convergence property is independent of V
although the phase fluctuation becomes larger as V increases

— The application range of u can be measured on a small
lattice.



Gaussian approximation se. physrev.077, 014508(2008)

If Gaussian distribution,

=) Higher order cumulants vanish.

* If the second term is dominated, the calculation: much easier.

o) el
P b No sign problem

« Configurations with large fluctuations of 6: not

important.
1
5<92>F,P}

— Such a configuration is suppressed as [

W(P)~exp

— If configurations with small 6 are important,
the cumulant expansion must be good.



Canonical approach

« Effective potential of total quark number
 Provability distribution function of quark number

— Related to event by event analyses in heavy-ion
collisions.



Canonical approach

Canonical partition function: Zc (Fugacity expansion)

ZGC(Ta“) yZ (TN eXp(N;.L/T) ZW( )

Effective potential as a function of the quark number N.
Voe(N)=-InW(N)=-InZ.(T,N)-=Np/T
At the minimum,
Vg (N)  OlmW(N) o0lnZ. (T,N) n _ 0
ON ON ON T
First order phase transition: Two phases coexist.

Veff (N)\/\/

0InZ.(N)




First order phase transition
» Critical W/T V.(N)Y=-InZ.(T,N)-

hner functlon

Veer(V) Ver(V)
adJ ust W7

N

 Derivative of InZ

oVy(N)  dImZ (T,N) u
ON ON T

Verr(N)

« Areaof ¢ p and ¢/ are the same at the critical W/'T.



Chemical potential in finite density lattice QCD

« Grand partition function
7 = j [14U, (x)(detas )" e
X, 1

 Lattice formulation: to obtain correct continuum limit
(Hasenfratz,Karsch,Phys.Lett.,125B,308(1983))

gad, ( ) periodic BC, anti-periodic BC
U ~e*™* eSU(N,
1) C

(Gauge connection) 1/T
i) \
. . . T \ \
— Modify the link field for time direction a a
U U
In the quark action. i 4
U4 (x): e“q“U4 (x) Nta — 1/T Simulation

parameter: pq/7

U, (x)=e™"U, (x)




Fermion determinant

For example, y

(see e.g.,.Montvay’s book 4.1.4)
_K12 _K13

m 1
Thaom s 203
-K; —Kj, m

det M = mmm —mK , K, —mK,; Ky, —mK ;K5 —K,K,;K;, —K,,K, K|,

Q .
o Q o o
co @4 s, L v
In general,

Mji :msji_Kji (Kii =0)

@ &%

monomer  polymer ZeC
RZ _ (_1)(# closed loop) m(# monomer) H Kk] N-1
j.k

RFig = (_1)2m2K12K21K4N—1KN—1,NKN,4



Non-zero chemical potential; Fugacity expansion
Kx’x+21 — elJﬂr]x,4(]4 (X)

Wilson loop Polyakov loop Periodic B.C.
, n
fime
—np N we /T
e Y re™  ur et =g
0
cancel

Chemical potential enhances winding current loops (static currents).
Classify by the number of static currents.

Fugacity expansion; expansion with the winding number N.

Z e (T,n)= ZZ (N, T )exp(Nu/T)

N==-3V



Heavy quark limit (Engels et al., Nucl.Phys.B558(1999)307)

« Canonical Partition function for fixed quark number N

=[DU fy e~

« fNnis a product of N quark propagators with all possible
combination

‘\> ’/> § 1=t L/m
% 1/m? expansion

Quark mass co limit @
t=Nt fiis a sum of products of

Polyakov Polyakov loops

loops l

t=] calculable analytically for each N




First order phase transition line

In the thermodynamic limit,

r hot phase
........... . A
T, _________":-:‘&itical point

OV (V)
€ — 0,
ON E>

*

~O0lnZ.(T,N)
ON

pl/"Ti p,/T"

2

/T

%—)% (Nf—)oo)

Mixed state

.

First order transition

* Inverse Laplace transformation using Glasgow method
Kratochvila, de Forcrand, PoS (LAT2005) 167 (2005)
Ni=4 staggered fermions, 6° x4 lattice, (Ni=4: First order for all p.)

« Simulations with canonical ensemble
Kentucky group (arXiv:0810.2349, Anyi Li's poster in QMQ09)

« With a saddle point approximation (S.E., Phys.Rev.D78, 074507 (2008) )h

this talk



Numerical calculation of the canonical
partition function on a lattice

Phys. Rev. D 78, 074507 (2008) [arXiv:0804.3227]

« Effective potential for total quark number

e Simulations:

— Bielefeld-Swansea Collab., PRD71,054508(2005).

— 2-flavor p4-improved staggered quarks with
mn=770MeV

— 163x4 lattice
— In det M: Taylor expansion up to O(u®)



Canonical partition function

* Fugacity expansion (Laplace transformation)

A A

Uy,
Z.(T,n)= Zz T,N)exp(Nu/T) p=N/V
canonical partition function .
Ho Hp
* |nverse Laplace transformation
Integral
3 /3 - +ipy .
Z (T N) 21t 3 (HI/T)e Mo/ T /T)ZGC(T9H0+ZH1)

Z..(0) Z.. detM (0) Integral path, e.g.
1, imaginary W axis
2, Saddle point

N; Arbitrary o
Zac ( J DU(detM )" e = <[detM (M)] >
pn=0

— Note: periodicity z_.(T,pn+2niT/3)=Z,.(T,n)

— detM(u) : Quark determinant



A

Saddle point approximation ] t,ade point

* |Inverse Laplace transformation with
Saddle point approximation (valid for large V)

— Taylor expansion at the saddle point. Mz
W,/ T =z
Saddle pomnt:Z {Nf O(lndet M) p} L, o/ 0/ Integral
V. olu/T
/1) o p=N/V V=N

* At low density: The saddle point and the quark
determinant can be estimated from data of Taylor
expansion around p=0.

- L] gt o8]

* The calculation by the Taylor expansion is much easier than the
exact calculation. —— Large lattices: applicable.



Saddle point approximation

« Canonical partition function in a saddle point approximation

Zc(T.p) _ 3 [ (det M(zo)J } e [
= exp| N, In —Vpz, |e
Z.(1.0) 4/2n< PIE M et a0y )~ P70 VRGO,

3

Em<exp(F+i6)>(T’u:0)
- (1) Ny o*(Indet M) _ 1 i
Saddle point: Z|, R (TJ— Vo T) = [R"]

« Chemical potential

W(p) —1omz.(T,p) (zoexp(F+i0))

T V op /<exp (F +i6)>(m:0)

saddle point reweighting factor

—> Similar to the reweighting method



Technical problem 1: Sign problem
 Complex phase of detM

— Taylor expansion (Bielefeld-Swansea, PRD66, 014507 (2002))

a

« 18] > n/2: Sign problem happens.

=) ° changes its sign.

Gaussian distribution

— Taylor expansion up to O(u5)

— Dashed line: fit by a Gaussian function
Well approximated

/4 (e)z @e“ez

—l

(phase)= N, Im[ln detM (u)]

o/T =20 [y s

Al
1|
T

AL

|

[ i

;

i

Mﬁﬂm

7
Lde

0= Im{V(Nthi D z,—pz, ﬂ ) m) O: NOT in the range -7, 7]

L
1
L
[}
]

K]

ke

[

\

1 -

M

1

)

WWMM |

"
J_r—H

-80 -60 -40 -20 0 20 40 60 30

histogram of
0

real and positive

No sign problem



Technical problem 2: Overlap problem
Role of the weight factor exp(F+i9) ~ exp(F—(62)/2)

When the density increases, the position of the importance sampling
changes.

We combine all data generated at many T by multi-B reweighting
(Ferrenberg-Swendsen, Phys.Rev.Lett.63,1195(1989))

— Important configurations are selected automatically.
Configurations at each T (u=0)

— T<Tc: Phase fluctuations: large, weight: small == suppressed at large p.
— T>Tc: Phase fluctuations: small, weight: large == enhanced at large p.

u*/T approaches the free quark gas value in the high density limit for all T.

4 free quark gas
T hot phase M
A T free quark gas
ri 4 = crltlcal point 3
i \ free quark gas = {EJF%(EJ }
T n \T




Saddle point in complex u/T plane
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Chemical potential vs density

Approximations: N=2 pd-staggered, mn~770MeV, 16 x4 lattice
— Taylor expansion: In det M T T
— Gaussian distribution: 0 4= M /T .

— Saddle point approximation
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Two states at the same
ua/ T

— First order transition at
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TITc < 0.83, ug/T >2.3 g
— TT=102 7
u*/ T approaches the free quark — e
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Solid line: multi-b reweighting
Dashed line: spline interpolation
Dot-dashed line: the free gas limit *Studies near physical quark mass: important.
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