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| ntroduction

- .

Path-Integral measure for Ginsparg-Wilson fermions
# Dirac (QCD)

| [ v (z)di(z)

» Weyl (EW, GUT, etc. )
D[yr|D[y;] <= Gauge-field-dependent !

Local, Gauge-invariant, Smooth construction
Only for U(1) theories (Luscher, NP B549 (1999) 295)
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Introduction (2)

- .

Numerical evaluation of observables in the U (1) theories

(OWr, ¥r)) - (U (, 1)) /DZDL brle " O

not straightforward to follow the above construction
(cf. Complex phase problem in gauge-field path-integral)

# Our proposal
s U(x,pn) € Zy (N, large enough)
s Explicit formula for the path-integral measure

» Numerical evaluations possible (in principle)
Ready in 2 dim.

o -
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Weyl fermion on thelattice

-

# Chiral projection

Y5 = 75(1 — 2aD) (95)° =1 45D+ Dy =0

sr(r) = —r(x)  dr(e)ys = +o(x)
# Path Integral Measure
vr(z) = Z’Ui(x)cfz: Yr(x) = Zék@k(ﬂf)
1 k
Ys5vi(x) = —vi(x) (t=1,---,N-)  (vi,vj5) = by
U (z)vs = +Uk(z) (k=1,---,No) (’U;JL,’UZL) = Ok

D[y Dlir] = H de; H de,  cf. H dip () dip()

o
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Weyl fermion on the lattice (2)

#» Phase ambiguity (U(1) bundle)

vi(z) — Y (@7 ") (Q: Unitary)

DlYr] — Dlipr| det Q

(pure phase factor)



Weyl fer mion on the lattice (3)

-

# Partition function (or Effective action)
el — /DWL]DWL] e~ Xo ¥r(#)Dior(2)

- /HdCszck e~k (" X Bh (@) Dvi(@) ) e

» Variation of the Effective action : 4,U,(x) = n,(z)U,(z)

S, = Te{(6,D)PLD " Pr}+ > (vi, 6,01

— < ZW )0, Dpr( )>F + (terms from measure)

o -
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| ntegrability condition, Gauge anomaly cancellation

- .

Gauge-field dependence of the measure

277 — ’LZ (’Ui, 577112')

1

> (vi,6nvi) — Y (vi, 6yv;) 4+ 65 Indet @ “Connection of the U(1) bundle”

(2

# |Integrability condition

O0pLe — 0c Ly = iTr {ﬁL 5, Py, 5CPL]} “Curvature”

# Gauge anomaly cancellation: 7, (z) = -V ,w(z)

\— o0, L'eg = iza;w(:lz)tr {PR — f’L} (x,x) + Z; (v, 00;) J
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L Uscher’s approach

-

Construct the measure term

277 — Znu(x)ju(x)Q ]u(x) — ju(:lj)[U(:B, M)]

S.1.

® localw.rt. U(z,p)

# integrable

# canceling gauge anomaly
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L Uscher’s approach (2)
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» Use of the infinite lattice

g, = &5+ AL,

n=—oo n#0

® The choice of the measure term in the infinite lattice
U, p) = ™40 ¢ € [0,1]

1
g = i /O dtTr{PL[(?tPL,5,7PL]}

- / dtZA )| Aia B
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Topological structureof U(1) gauge field space

-

|1 — P(x,p,v) ||< € (Admissibility condition)

® U(x, ) on afinite L” lattice
Non-trivial, classified by the magnetic flux

My = % ;Fuy(a: + sii + tD)
® U(x,p) In the infinite lattice
Trivial

Ule,p) = 645 @), [Au(@)] < (148 ),
Foun (@) = 9uAu(@) — B Apu(e)

Contractible

Uiz, p) = ™40 (t € [0,1]) — Uo(z,p) =1

o
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L Uscher’s approach (3)

-

# Local cohomology problem
kﬂ(x) — k,u(x)[U(xa :u)}? (IOcal W.I.L. U(wa :u))

0, ku(x) = tr {PR — pL} (x,x)
s Poincare lemma ( in the infinite lattice)

df(x)=0 = flz)=dg(z)

q(x) = tr{ys(1-D)(z,2); (a=1)
1

= ew apFuv (@) Fap(@ + i+ 0) + 0 k()
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A Practical Implementation of the Gauge I nvariant Measure

- .

# Use of the infinite lattice
» Topological structure of gauge field space
s Poincare lemma

# Use of the continuus interpolation
Up(w, p) = ™t € ]0,1]

» Cohomological analysis of gauge anomaly
» Construction of the measure term

Hard to implement numerically !?

» afinite L? lattice
L » discrete interpolation J
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A Practical Implementation of the Gauge I nvariant M easure(2)

- .

® U(x, ) on afinite L” lattice

B 2TMy

Fiu(w) = Z08 + B ()

U, 1) = Vi) (, ) X Uz, 1)
Uz, 1) : actual dynamical degrees of freedom

U(z,p) = e4n@ 4, (z) periodic
Ap(z)| < 7m(1+8 | 2 ||) < 7(1 + 2L + 6L?)
Fuu(fv) = auAV(CU) - av;lu (z)

Us(w, ) = &40 5 Vi (2, 0) (£ € [0,1])  — Uo(@, p) = Vigny (&, 1)

o -
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A Practical Implementation of the Gauge I nvariant M easur e(3)
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# Discrete interpolation within Z subspace of {U(x, u)}:
U(SE, M)(k) — eiAM(x)(k) ' V,u[m] (I‘) (k — 07 17 27 T 7M)

2T
Ay (@) ®H) — 4 (2)®) = 4 (_) G me = 1 (1)

(Minimal variation in Zy)

—p.14/1



A Practical |mplementation of the Gauge I nvariant M easur e(4)

=

» For a finite difference: U/ (z) = e"(®U,(z) , ) € Zy

det(v;, v%)

) (1)7;,577’07;) <~ e 0 = J
; | det(vi, v})]

Tr {ﬁL 6, Py, 541%]} e ®nc = det (1 By ﬁoﬁnﬁnﬂﬁgpo) /1|

tr {PR — 15L} (z,x) < det (1 — Pr + PRew(‘”)> X

det <1 — 150 + poe—iw(a:) H pzp0> /|‘

s U(1) bundle = U(1) lattice gauge field

s Zy sSubspace is a natural choice
— Z gauge invariance

o -
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L ocal Cohomology Problem over Z, subspace of gauge fields

# Gauge anomaly under Z gauge transformation T
(@) —  det (1 — P+ PRe’iw@)) x

det (1 — po + p()e—iw(:n) H pzpo) /||

[[e™ = e’ Q  (Topological)

X

# | ocal Cohomology Problem over Z subspace

! 7 7 ~ A *
CI(CU) — @EMVAPFNV(w)FAP(m + v —+ V) + 6,uk'u($)

s Can be solved within Zn subspace

s Explicit formula of £, (x),
L applicable to numerical computation J
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Zn Chiral Gauge Theory with Exact Gauge | nvariance

- .

® The choice of the measure

vi(x) = | (w;(z) : arbitrarily chosen basis)

e'? = det (wZ,PHP(k)P )/ | x
k=0
M ( k ]
11 {H e@%} o =i T Au(@)hu()
k=0 Li=0

ez@kz = det (1 — 15 —+ pern(k) p+77(’“)+C(l)p+C(l)p) /l’

o -
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Possible Applications

-

# Numerically demanding in four dim.
# Ready in two dim.

s two-dim. chiral Schwinger models

s Composite massless fermion in 11112 model
(cf. WB phase choice Narayanan-Neuberger-Y.K.)
s Check of the cluster property

# Analysis of non-abelian theories ...
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